An Introduction to 


Ordinary 


Differential 


Equations 


Earl A.Coddington 


AN INTRODUCTION TO 
ORDINARY 
DIFFERENTIAL EQUATIONS 


EARL A. CODDINGTON 


PROFESSOR OF MATHEMATICS 
UNIVERSITY OF CALIFORNIA, LOS ANGELES 


DOVER PUBLICATIONS, INC. 
New York 


Copyright © 1961 by Earl A. Coddington. 
All rights reserved under Pan American and International Copy- 
right Conventions. 


This Dover edition, first published in 1989, is an unabridged, cor- 
rected republication of the work first published by Prentice-Hall, 
Inc., Englewood Cliffs, New Jersey, 1961, in its “Prentice-Hall Math- 
ematics Series.” 


Manufactured in the United States of America 
Dover Publications, Inc., 31 East 2nd Street, Mineola, N.Y. 11501 


Library of Congress Cataloging-in-Publication Data 


Coddington, Earl A., 1920— 

An introduction to ordinary differential equations / by Earl A. 

Coddington.— Unabridged, corrected republication. 
p. em. 

Reprint. Originally published: Englewood Cliffs, N.J. : Prentice- 
Hall, 1961. (Prentice-Hall mathematics series) 

Bibliography: p. 

Includes index. 

ISBN 0-486-65942-9 s 

l. Differential equations. I. Title. 
QA372.C59 1989 88-31457 
515.3'5—dc19 CIP 


To Alan, Robert, and Claire 


Preface 


AS THE TITLE indicates, this book is meant to be a text which can be used 
for a first course in ordinary differential equations. The student is assumed 
to have a knowledge of calculus but not what is usually called advanced 
calculus. During the last four years, I have presented most of this material 
in & one-semester course. 

My aim has been to give an elementary, thorough, systematic introduc- 
tion to the subject. All significant results are stated as theorems, and careful 
proofs are given. I have tried to emphasize general properties of equations 
and their solutions. 

The preliminary Chapter 0 contains results from calculus and algebra 
which are required in the later chapters. Complex numbers and complex- 
valued functions are introduced here and are used throughout the book. 
Chapters 1-4 contain material on linear equations. The short Chapter 1 
concerns linear equations of the first order. Chapter 2 contains & rather 
complete discussion of linear equations with constant coefficients, including 
& uniqueness theorem which is derived from an elementary inequality. 
In Chapter 3 linear equations with variable coefficients are treated. The 
early part of this chapter can be covered quite rapidly, since it really 
amounts to a review of some of the material in Chapter 2. Equations with 
analytic coefficients, with the Legendre equation as & prime example, are 
introduced here. Chapter 4 contains a detailed treatment of second order 
equations with regular singular points; the Bessel equation receives special 
emphasis. Chapter 5 is concerned with initial value problems for a single— 
in general nonlinear—equation. Existence and uniqueness of solutions are 
established. The successive approximation method is used for the existence 
proof, and general results on uniform convergence (a topic usually taught 
in advanced calculus) are not used. The required convergence proofs are 
dealt with by means of explicit inequalities. Both loeal and non-local 
existence results are given. In Chapter 6 it is shown how most of the 
results in Chapter 5 remain valid for systems of equations. Here complex 
n-dimensional vectors are introduced, and systems are treated as vector 
equations, with solutions being vector-valued functions. 


vii 


viii Preface 


Several sections are starred. I have usually not devoted any classroom 
time to these. 

Included in the book are many exercises. There are exercises which 
serve to develop the student's technique in solving equations, and there 
are many problems which are intended to help sharpen the student's 
understanding of the mathematical strueture of the subject. I have also 
used the exercises to introduce the student to & variety of topics not treated 
in the text: for example, stability, equations with periodic coefficients, 
boundary value problems. 

I wish to record here my gratitude to Professor Norman Levinson, 
from whom I learned so much during the period of our collaboration in 
writing an earlier advanced work on this subject. Also, I wish to thank Mr. 
George Biriuk for reading portions of the manuséript, and Professor 
Richard C. Gilbert, to whom I am particuiarly indebted for reading all the 
manuscript and suggesting many interesting exercises. Finally, I would 
like to express my appreciation to Mr. Richard Hansen, of Prentice-Hall, 
for his patient understanding. 

Earl A. Coddington 
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CHAPTER 0 


Preliminaries 


1. Introduction 


In this preliminary chapter we consider briefly some important concepts 
from caleulus and algebra which we shall require for our study of differen- 
tial equations. Many of these concepts may be familiar to the student, in 
which case this chapter can serve as a review. First the elementary proper- 
ties of complex numbers are outlined. This is followed by a discussion of 
functions which assume complex values, in particular polynomials and 
power series. Some consequences of the Fundamental Theorem of Algebra 
are given. The exponential function is defined using power series; it is of 
central importance for linear differential equations with constant coeffi- 
cients. The role that determinants play in the solution of systems of linear 
equations is discussed. Lastly we make a few remarks concerning principles 
of discovery, and methods of proof, of mathematical results. 


2. Complex numbers 


It is a fundamental fact about real numbers that the square of any such 
number is never negative. Thus there is no real x which satisfies the equa- 
tion 

z? 4-1-90. 


We shall use the real numbers to define new numbers which include numbers 
which satisfy such equations. 

A complex number 2 is an ordered pair of real numbers (z, y), and we 
write 

z = (a, y). 
If 
Z1 = (2u, Y1), Z2 = (He, Y2), 
1 
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are two such numbers, we define zı to be equal to z» and write zy = 25, 
if zi = z:and yı = ys. The sum 2; + z» is defined to be the complex number 
given by 


Zi + 22 = (n-4dzsucy. 
Ifz = (x, y), the negative of z, denoted by —z, is defined to be the number 
—z = (-2, —y). 
The zero complex number, also denoted by 0, is defined by 
0 = (0,0). 

It is clear from these definitions that 

(i) 2 +2: = 2 +2 

(ii) (z1 +22) + Zs = 21 + (22 + 2s) 

(iii) z+0=2 

(iv) 2+(-z) 20 


for all complex numbers 2, 21, 25, 25. 
The difference zı — 22 is defined by 


21— 22 = 24+ (—22), 
and we have 


2i — 2 = (tı — £x Yi — Y2). 
The product 2:22 is defined by 
2122 = (2122 — YY, Tio + T1). 


This definition appears curious at first, but we shall soon see a justification 
for it. It is easy to check that multiplication satisfies 


(v) 22 = 2024 
(vi)  (2122)23 = a (22s) 


for all complex numbers zi, 25, 2s. 
The unit complex number, with respect to multiplication, is the number 
(1, 0) for we see that if z = (x, y) is any complex number 


z(1, 0) = (z, y) (1, 0) = (z, y) = 2. 


For this reason we denote the number (1, 0) by just 1. Then we have 


(vii) zl =z 
for all complex z. 
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If z = (x,y) = (0,0) there is à unique complex number v such that 
zw = 1 (= (1,0)). Indeed, if w = (u, v), where u, v are real, the equation 
zw = 1 says that 

zu—yv-—l 
yu + w = 0. 
These equations have the unique solution 
__* y = —Y 
gy ’ 2 + ’ 


provided z? + y? 0, which is equivalent to the assumption we made that 
z Æ 0. The number v, such that zw = 1, is called the reciprocal of z, and 
we denote it by 2^! or 1/z. Thus 


ec (IL 3 if z = 0. 


(vili) zz! = 1, if 2 » 0. 
The quotient 21/2; is defined when z; = 0 by 


'Then 


z . 
— = n, if 2,50. 
22 
'The interaction between addition and multiplieation is given by the 
rule 


(ix) 2z1(2»-- 2s) = 2122 + 2123. 


The complex numbers of the form (x, 0) are such that the negative and 
reciprocal of any such number have the same form, for 


= (z, 0) = (—2, 0), 
(2,0) = (271,0), if 20. 
Moreover, the sum and product of two such numbers have the same form, 
since 
(21,0) + (2, 0) = (a + T2; 0), 
(23, 0) (2s, 0) = (2122, 0) . 


The real numbers are in & one-to-one correspondence with the complex 
numbers of this form, the real number z corresponding to the complex 
number z — (z,0). Further, as we have just seen, the numbers corre- 
sponding to — x, z^, z1 + 2, zz; are just —2,27!,21 + 2s, 212, if z1 = (2,0), 
Za = (æ 0). For this reason it is usual to identify the complex number 
(z,0) with the real number z, and we write x = (x, 0). [Notice that this 
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agrees with our earlier identifications 0 = (0, 0), 1 = (1, 0).] In this 
sense, the complex numbers contain the real numbers. The properties 
(2) (x), which hold for complex numbers, are also valid for real numbers, 
and thus we see that we have succeeded in enlarging the set of real numbers 
without losing any of these algebraic properties. We have gained something 
also, since there are complex numbers z which satisfy the equation 


2? 4-1-90. 


One such number is the imaginary uniti = (0, 1), as can be easily checked, 
and this provides one justification for our definition of multiplication. 

If z = (z, y) is a complex number, the real number z is called the real 
part of z, and we write Rez = z; whereas y is called the tmaginary part 
of z, and we write Im z — y. Thus 


z = (x,y) =2(1,0) + y(0,1) = x + iy = Rez +i(Imz). 


Hereafter it will be convenient to denote a complex number (2, y) as 
x + ty. 

It is clear that the complex numbers are in & one-to-one correspondence 
with the points of the (z, y)-plane, the complex number z = x + ty corre- 
sponding to the point with coordinates (z, y). Then thought of in this way 
the z-axis is often called the real azis, the y-axis is called the imaginary axis, 
and the plane is called the complex plane. 

If z = x + ty, its mirror image in the real axis is the point z — zy. This 
number is called the complex conjugate of z, and is denoted by z. Thus 
z= z — ty if z = x + iy. We see immediately that 


2 = 2,21 + 22 = ži + Ža 222 = Bide, 27) = (2) 


for any complex numbers 2, zi, 22. 
Introducing polar coordinates (r, 0) in the complex plane via 


z-—rcos0 y-rsinó, (r 20,0 <9 < 2m), 
we see that we may write 
z = x + iy —r(cos0 + 2 sin6). 
The magnitude of z = x + ty, denoted by |z|, is defined to be r. Thus 
Je] = (at yn = Gn, 


where the positive square root is understood. Clearly |z| = |z|. Suppose 
z is real (that is, Im z = 0). Then z = x + 10, for some real x, and 


|z| = (27), 
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which is the magnitude of z considered as a real number. In addition the 
magnitude of à complex number obeys the same rules as the magnitude of & 
rea] number, namely: 
|z| 20, 
|z| 20 ifandonlyif z=0, 
|—-z| = lel, 
la +z] s lal + lal, 
lae] = lal lal. 
We show that |zi + z;| S |a| + |ze|, for example. First we note that 
Rez < |z] 
for any complex number z. Then 
la + zl? = (21 + 22) (i Fz) = |a|? + |z? + z + A2 
= |z|? + |22|? + 2 Re (2%) 
S |al? + |z|? + 2]2:2] 
= |z|? + lal* + 2lal [a] 
= (lal + |z|); 


from which it follows that |z + e| x |a] + |zl. 
From the above rules one can deduce further that 


lal lali £ lat zls lalt Izl 
LE _ [al 
29 EN 


Geometrically we see that |z; — z;| represents the distance between the 
two points 2; and z: in the complex plane. 


EXERCISES 


1. Compute the following complex numbers, and express in the form x + ty, 
where zx, y are real: 


(a) (2 — i3) + (—1 + 16) (b) (4 + 712) — (6 — i3) 
1244 

(c) (6 — tv2)2 + i4) (d) Iti 

(e) |4 — i5] (f) Re (4 — i5) 


(g) Im (6 + 72) 
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2. Express the following complex numbers in the form r (cos 0 + 7 sin 0) with 
r= 0and0 S 0 « 2r: 
(a) 1+ iv3 (b) (1+ 1)? 


14i , , 
() 1i (d) +H- 2) 
3. Indicate graphically the set of all complex numbers z satisfying: 
(a) |z— 2| — 1 (b) |z- 2| € 2 
(c) | Rez2| 8 8 (d) | Imz| » 1 


(e) |z— 1| [zc 2| — 8. 


4. Prove that: 
(a) z+ z= 2 Rez (b) z— 3 = 2 Imz 
(c) |Rez| S |z| (d) |z| S [Rez| + | Inz| 


5. If r is a real number, and z complex, show that 
Re (rz) = r (Re 2), Im (rz) = r (Im 2). 


6. Prove that 
llal— lzllsSln- zl. 


(Hint: 21 = 21 + 22 + (— 22), and zz = 21 + 22 + (—21).) 
7. Prove that 

[za + 22? + [ar zP = 2) af + 2| 22, 
for all complex zi, 25. 

z— a 
elsi 
9. If n is any positive integer, prove that 

r” (cos nð + isin n8) = [r (cos 0 + i sin 0)]". 


(Hint: Use induction.) 


8. If |a| < 1, what complex z satisfy 


10. Use the result of Ex. 9 to find 
(a) two complex numbers satisfying 2 = 2, 
(b) three complex numbers satisfying z* = 1. 


3. Functions 


Suppose D is a set whose elements are denoted by P, Q, ---, which are 
called the points of the set. Let R be another set. A function on D to R is a 
law f which associates with each point P in D exactly one point in R, which 
we denote by f(P). The set D is called the domain of f. The point f(P) 
is called the value of f at P. We can visualize the concept of a function as 
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Figure 1 


in Fig. 1, where each P in D is connected to a unique f( P) in E by a string 
according to some rule. This rule, or what amounts to the same thing, the 
collection of all these strings, is the function f on D to R. 

We say that two functions f and g are equal, f = g, if they have the 
same domain D, and f( P) = g( P) for all P in D. 

The idea of & function is very general, and is & fundamental one in 
mathematics. We shall consider some examples which are of importance 
for our study of differential equations. 

(a) Complex-valued functions. If the set R which contains the values of 
f is the set of all complex numbers, we say that f is a complex-valued func- 
tion. If f and g are two complex-valued functions with the same domain D, 
we can define their sum f + g and product fg by 


(J +g) (P) =f(P) +9(P), 
(Ja) (P) = fCP)gCP), 


for each P in D. Thus f + g and fg are also functions with domain D. If « 
is any complex number the function which assigns to each P in a domain D 
the number a is called a constant function, and is also denoted-by o. Thus 
if f is any complex-valued function on D we have 


(af ) (P) = af(P) 
for all P in D. 

A real-valued function f defined on D is one whose values are real num- 
bers. Such a function is a special case of a complex-valued function. Clearly 
the sum and product of two real-valued functions on D are real-valued 
functions. Real-valued functions are usually the principal object of study 
in first courses in calculus. 

Every complex-valued function f defined on a domain D gives risc to 
two real-valued functions Re f, Im f defined by 


(Ref )(P) = Re[fCP) ], 
(Im f )(P) = Im[f(P) J; 
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for all P in D. Re f and Im f are called the real and imaginary parts of f 
respectively and we have 


J= Ref +iImf. 


Thus the study of complex-valued functions can be reduced to the study of 
pairs of real-valued functions. To obtain examples of complex-valued func- 
tions we must specify their domains. 

(b) Complex-valued functions with real domains. Many of the functions 
we consider in this book have a domain D which is an interval J of the real 
axis. Recall that an interval is a set of real x satisfying one of the nine 
inequalities 


asxrsb asz<b, a<xzSb a<2z<6b, 
asx<cw, -œ <x8b a<r<%, —ocrzrc«b, 
—ocrzc«zo, 


where a, b are distinct real numbers. 'The calculus of complex-valued func- 
tions defined on real intervals is entirely analogous to the calculus of real- 
valued functions defined on intervals. We sketch the main ideas. 

Suppose f is a complex-valued function defined on a real interval I. 
Then f is said to have the complex number L as a limit at 2 in I, and we 
write 

lim f(z) = L or f(z) > L, (xz), 
zz 
if 
f(z) -L|—0, as 0< |x «| ^0. 
This means that given any e > 0 there is a 6 > 0 such that 
lf(z) — L| <e whenever 0 < |z— zx| <ô zinl. 


Note that here we are using the magnitude of complex numbers. Formally 
our definition is the same as that for real limits of real-valued functions. 
Because of this the usual rules for limits, and their proofs, are valid. In 
particular, if f and g are complex-valued functions defined on Z such that 
for some xo in I 


f(z) L, g(x) — M, (x — to), 
then 


Qr g)(z)—L-FM, (fg (x) LM, (zz). 
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Suppose f has a limit L = Li + £L» at xo where L4, Lz are real. Then 
since 


| (Ref) (x) — L| = | Re[f(z) - L]| s |/=) — LI, 


and 


|(Imf) (x) — L| = | Im[f(x) — Ll 
it follows that 


(Ref)(z) -~ hh, (Umf)(t)>-k, (x2). 


IIA 


f(x) — LI, 


Conversely, if Re f and Im f have limits Li, Lz respectively at zo, then f 
will have the limit L = Lı + tLe at ze. 

We say that & complex-valued function f defined on an interval I is 
continuous at x in I if f has the limit f(x) at xo, that is, 


|f(z) — f(z) | —0, as 0< | — t| 0. 


Equivalently, f is continuous at zo if both Re f and Im f are continuous at 
Zo. We say f is continuous on T if it is continuous at each point of J. The 
sum and product of two functions which are continuous at 2) are continuous 
there. 

The complex-valued function f defined on an interval I is said to be 
differentiable at xo in I if the ratio 


f(x) — f(xo) 


, (2% = m), 
X — Xo 


has a limit at x. If fis differentiable at x) we define its derivative at 2, 
f' (xo), to be this limit. Thus, if J’ (zo) exists, 


f(a) — fe) _ gy —0, as O«Íz—2z|-0. 
X — T 


An equivalent definition is: f is differentiable at x if both Ref and Im f 
are differentiable at zo. The derivative of f at x is given by 


f'(2) = (Ref )’ (ao) +i(Im f )’ (xo). 


Using these definitions one can show that the usual rules for differentiating 
real-valued functions are valid for complex-valued functions. For example, 
if f, g are differentiable at x in J, then so are f + g and fg, and 


(f + 9)' (to) = f’ (zo) + 9’ (xo), 
(Jg) (xo) = f'(xo)g(xo) + f(20) 9" (zo). 


If f is differentiable at every x in an interval J, then f gives rise to a new 
function f’ on I whose value at each x on I is f’ (x). 
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A complex-valued function f with domain the interval a € x x b is 


said to be integrable there if both Re f and Im f are, and in this case we define 
its integral by 


b b b 
f f(z) dz = f (Re f)(x) dæ + if (Im f) (x) dz. 
Every function f which is continuous on a € z < b is integrable there. 


This definition implies the usual integration rules. In particular, if f and 
g are integrable on a < x < b, and a, 8 are two complex numbers, 


[ (af + 8g) (x) dx -a f f(x) ds +8 f oa) dz. 


An important inequality connected with the integral of a continuous 
complex-valued function f defined on a < x € bis 


ES 


This inequality is valid if f is real-valued, and the proof for the case when 
f is complex-valued can be based on this fact. Let 


< [ise | dx.* 


F = [ f(x) dz. 


If F = 0 the inequality is obvious, If F = 0, let 
F = |F|u, u = cose +isino,  (0x8«2m. 


Then uŭ = 1, and we have 


[ r% dz =a f f) dz = Re |a f' se às| 


= f Re [af(x) ] dz <f | f(x) |dz, 


"By b 
NT 


is meant the integral of the function | f | given by |f |(z) = |f(z)lfora S z £ b. Thus 
a more appropriate notation would be 


b 
f | f |(z) dz. 


We shall use the former notation since it is commonly used, and there will be no chance 
of confusion. 
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since 
Re[uf(z)]s |a(x)| = |f(z) |. 
As particular examples of complex-valued functions let 
f(z) -z-Fü-292z, 
g(z) = (1 +i), 


for all real z. Then 


(Re f)(x) =2+2, (Im f)(z) = =z, 
(f+9)(z) = xz + 22, 
(fg) (x) = (1 + i)e + 22, 
f(x) = 1 + (2 — 2i)z, 
[ 1% dz = [5&9 (1 — îi) [waz = s -i 


(c) Complex-valued functions with complex domains. We shall need to 
know a little about complex-valued functions whose domains consist of 
complex numbers, An example is the function f given by 


S (2) = 2", 


for all complex z, where n is a positive integer. 
Let f be a complex-valued function which is defined on some disk 


D: |z—a| <r 


with center at the complex number a and radius r > 0. Much of the calculus 
for such functions can be patterned directly after the calculus of complex- 
valued functions defined on a real interval I. We say that f has the com- 
plex number L as a limit at z in D if 


|f) m L| 0, as 0< |z — «| — 0, 


and we write 


limf(z) = L, or f(z) > L, (es). 


£2 


If f and g are two complex-valued functions defined on D such that for some 
Zo in D 


Jz) >L, g(2) M, (e), 
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then 
(f +g)(2) ~L+M, (fg (s) LM, (2-2). 


The proofs are identical to those for functions defined on real intervais. 
The function f, defined on the disk D, is said to be continuous at zo 
in D if 
[f(z) — f(z) | 50, as 0 « |z- 4| 0. 


It is said to be continuous on D if it is continuous at each point of D. 'The 
sum and product of two functions which are continuous at zo are continuous 
there. Examples of continuous functions on the whole complex plane are 


fe) -—lel gz) —2. 


Let g be defined on some disk D; containing zo, and let its values be in 
some disk D, where a function f is defined. If g is continuous at zo, and f 
is continuous at g(2o), then “the function of a function" F given by 


F(z) = f(g(z)); (2 in D), (3.1) 


is continuous at zo. The proof follows the same lines as in calculus for real- 
valued functions defined for real x. 

If f is defined on a disk D containing zo we say that f is differentiable 
at Zo if 


S(2) — F (20) 


Z — 29 


D (z 7 Zo); 

has a limit at zo. If f is differentiable at zo its derivative at zo, f’(20), is defined 

to be this limit. Thus 
f(z) — f(é0) 


2 — 20 


— f'(2o) | — 0, as 0 < |z — z |= 0. 


Formally our definition is the same as that for the derivative of a complex- 
valued function defined on a real interval. For this reason if f and g are 
functions which have derivatives at zo in D then f + g, fg have derivatives 
there, and 


(f + g)’ (z0) = f'(2) + g' (20), 
(fg)'(zo) = S’ (zo)g(zo) + f(20)¢/ (20). 


Also, suppose f and g are two functions as given in (3.1), and that g is 
differentiable at zo, whereas f is differentiable at g(zo). Then F is differen- 
tiable at zo, with 


(3.2) 


F'(zo) = f'(g(29))g (29). 
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It is clear from the definition of a derivative that the function g defined 
by g(z) = c, where c is a complex constant, has a derivative which is zero 
everywhere, that is, g'(z) = 0. Also, if »Y(z) = z for all z, then p,(z) = 1. 
Combining these results with the rules (3.2) we obtain the fact that every 
polynomial has a derivative for all z. A polynomial is a function p whose 
domain is the set of all complex numbers and which has the form 


p(z) = ag” + az"! + oes + an + an, 
where ao, a1, +++, an are complex constants. The rules (3.2) imply that for 
such a p 
p'(z) = agnz"! + a(n — 1)z77? + +++ + an. 
Thus p’ is also a polynomial. 
It is a rather strong restriction on a function defined on a disk D to 


demand that it be differentiable at a point zo in D. To illustrate this we note 
that the real-valued function f given by 


f(z) = |x|, 


for all real x, is differentiable at all x = 0. Indeed f’(x) is +1 or —1 accord- 
ing as x is positive or negative. However the continuous complex-valued 
function g given by 


g(z) = lz|, 


for all complex z, is not differentiable for any z. Suppose zo = xo + yo? = O, 
for example, and let z = 2 + yt. Then for 2 ¥ 2 


[z| — 1a] _ (z* y» — (zb + y" 
z — žo (x — zo) + ily — yo) 


_ (z? + 7?) — (20 + wo 
[(z — ao) + ily — yo) JL? + y) + (xb + yo) ] 

If we let |z — z| — 0 using z of the form z = x + yi (that is y — yo) 
we see that 

[2| — [zo] Vo 

————— — E 

z=% d(zi + yp (3.3) 

whereas if we let |z — zo| — 0 using z of the form z ='x + yi (that is 
z — xo) we obtain 


| 2| — | zo | To 
—— —————. E! 
z=% (z3 + yo) (3-8 
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The two limits (3.3) and (3.4) are different. However, in order that g be 
differentiable at z we must obtain the same limit no matter how 
|z — zo| — 0. This shows that g is not differentiable at zp. 

(d) Other functions. Other types of functions which are important for 
our study of differential equations are usually combinations of the types 
diseussed in (b), (c) above. Typical is a complex-valued function f which 
is defined for real x on some interval |x — zo| S a (zo real, a > 0), and for 
complex z on some disk |z — zo| € b (4% complex, b > 0). Thus the do- 
main D of f is given by 


D: |r- í| sa, lz—- «| Sb, 


and the value of f at (2, z) is denoted by f(x, z). Such a function f is said to 
be continuous at (£, 7) in D if 


G2) —f(& m|-0, as 0« |e- El + 12 — 2| ^0. 
There are two important facts which we shall need in Chap. 5 concern- 
ing such continuous functions. The first is that & continuous f on the D 


given above (with the equality signs included) is bounded, that is, there is a 
positive constant M such that 


Iæ 2)| s M, 
for all (z,z) in D. This result is usually proved in advanced calculus 
courses. The second result relates to “plugging in" a complex-valued func- 
tion $ into f. Suppose $ is & complex-valued function defined on 


|x — zol S a, 


which is continuous there, and has values in |z — zo| < b. Then if f is 
continuous on D, the function F given by 


F(x) = f(x, ¢(x)), 
for all z such that |x — zo| < a, is continuous for such z. 


A slightly more complicated type of complex-valued function f is one 
which is defined for real z and complex zi, +++, Za on a domain 


D: |x—2| Sa, lan — zo| +--+ + [zn ~ 2| S b. 


Here 2» is real, 210, «++, Zao are complex, and a, b are positive. The value of 
fatz, 2), +++, Zna is denoted by f(x, zi, ++, én). Continuity of f is defined just 
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as in the case of one z. Thus f is continuous at £, m, -*+, m in Dif 


lf (x, zi, te, Zn) — f(é mn, e.. 98) | — 0, 


0«|z—-z + l]a ml tee: + len— m| — 0. 


Such an f is bounded on D, and if $, +++, ¢, are n continuous complex- 
valued functions defined on |x — zo| S a, having the property that 


|¢i(z) — zo| + +++ + |1és(z) — eno] SB 
for all such z, then the function F given by 
F(x) = f(z, di(2), BE és (x)) 
for |x — zo| S a is continuous there. 
EXERCISES 


1. Let a = 2+ 03, 6 = 1 — i, If for all real x 
F(z) = ax + (bz), 


compute: 
(a) (Re f(a) ©) (m f) 
1 
(e) f'G) e) f fes 
0 


2. If for all real z 


c 
fes rti, ga) = D 


compute: 
(a) The function F given by F(x) = f(g(z)) (b) F' (x) 


3. If a is a real-valued function defined on an interval 7, and f is a complex- 
valued function defined there, show that 


Re (af) = a(Re f), | Im (af) = a(Im f). 
4. Let f(z) = 2? for all complex z, and let. 
uls, y) = (Re f)(z + ty), v(z, y) = (Im f)(z + ty). 
(a) Compute u(x, y) and v(z, y). 
ðu dv Ou Qv 


b) Show that = —, om . 
(b) W saa ðr Oy Oy Ox 


16 


Preliminaries Chap. 0 


(c) Show that 


5. Let f be a complex-valued function defined on a disk 
D: |z| «r (r > 0), 
which is differentiable there. Let 
ulz, y) = (Re f)(z-F ty), — v(z y) = (Im f)(s + ty). 
Show that 


— = — — £t —— i 
dz dy’ dy ax’ e 


forallz = x + iyin D. (Hint: If 29 = xo + tyo isin D, let 0 < |z — 29| — 0, 


in the definition of f'(zo), through z of the form z = x + iyo, and then of the 
form z = zo + iy, to obtain 


ð ð 
J'e) = (ao, yo) + i (zo, yo) 
Ox Ox 


àv ðu 
= ay” yo — 15, Yo). 
The equations (*) are called the Cauchy-Riemann equations.) 
6. Let f be the complex-valued function defined on 
D: |s|S1 |z| 82, 
(x real, z complex) by 
f(z, 2) = 82? + zz + 2, 
and let $ be the function defined on |x| S 1 by 
g(t) = z+ i. 
(a) Compute the function F given by 
F(x) = fe, p), (2) n. 


(b) Compute F'(x). 
(c) Compute 


1 
f F(x) dz. 
a 
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7. If ris a complex number, and 
pe) = @— ry, 
where n is & positive integer, show that 


plir) = p'(r) = eee = po» (r) = 0, p? (r) = nl. 


4. Polynomials 


We have defined a polynomial as a complex-valued function p whose 
domain is the set of all complex numbers and which has the form 


p(z) = ag” + az"! + +t + ani + On, 


where n is a non-negative integer, and a, a: ***, an are complex constants. 
The highest power of z with non-zero coefficient which appears in the 
expression defining a polynomial p is called the degree of p, and written 
deg p. A root of a polynomial p is a complex number r such that p(r) = 0. 
À root of p is sometimes called a zero of p. We shall require, and assume, the 
following important result.* 


Fundamental theorem of algebra. If p is a polynomial such that 
deg p 2 1, then p has at least one root. 


This is & rather remarkable result, and justifies our introduction of the 
complex numbers. We have seen that not every polynomial with real 
coefficients (for example 2? + 1) has a real root, but polynomials of degree 
greater than zero with complex coefficients always have a complex root. 
The remarkable fact.is that we do not need to invent new numbers, which 
include the complex numbers, to guarantee a complex root. 

We derive some consequences of this fundamental theorem. 


Corollary 1. Let p be a polynomial of degree n z 1, with leading coeffi- 
cient 1 (the coefficient of 2"), and let r be a root of p. Then 


p(z) = (z — r)q(z) 
where q is a polynomial of degree n — 1, with leading coefficient 1. 
Proof. Let p(z) have the form 
p(z) = 2" + ag! + +++ + an + On, 
* A proof can be found in G. Birkhoff and S. MacLane, A survey of modern algebra, 


New York, rev. ed., 1953, p. 107, and also in K. Knopp, Theory of functions, New York, 
1945, p. 114. 
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and let c be any complex number. Then 
p(2) — p(c) = (^ — e) a (e — e) +++ + anale — à) 
= (z — c)q(2), 
where g is the polynomial given by 
q(z) = 271 + car? dun + e fort 
+ a (2*7? + ea eee fort) 4 ee tans. 


Clearly deg q = n — 1 and q has leading coefficient 1. In particular if 
c = r, a root of p, then we have 


p(z) = (z — r)a(2), 
as desired. 
If n — 1 z 1, the polynomial q has a root, and this root is also a root of 
p by Corollary 1. Thus applying the Fundamental Theorem of Algebra 
n times, together with Corollary 1, we obtain 


Corollary 2. If p is a polynomial, deg p = n z 1, with leading coeffi- 
cient a Æ O, then p has exactly n roots. If ri, ro, * - *, ra are these roots, then 


p(z) = a(z — Tı) (a — r2) +°% (2 — Ta). (4.1) 


Note that a>j'p is a polynomial which has leading coefficient 1. We re- 
mark that the roots need not all be distinct. If r is a root of p, the number 
of timesz — r appears as a factor in (4.1) is called the multiplicity of r. 


Theorem 1. Jf rzs a root of multiplicity m of a polynomial p, deg p z 1, 
then 


p(r) = p'(r) = +++ = p™ V(r) = 0, 
and 
p (r) #0. 


Proof. Let p have leading coefficient ao = 0, and degree n z m. It 
follows from Corollary 2 that 


p(z) = a(z — r)"q(2), (4.2) 


where g is a polynomial of degree n — m, and q(r) = 0. Clearly p(r) = 0 
by the definition of a root. Also 


p'(z) = aym(z — r)"7q(2) + a(z — r)"q' (2), 
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and this implies that, if m — 1 > 0, p'(r) = 0. If m = 1 we have 
p' (z) = eog(2) + a(z — r)q' (2), 


and thus p'(r) = aoq(r) = 0. 
The general argument can be based on (4.2) and the formula 


(k — 1 
Pe) fg! + -+ fy (4.8) 


(fg)' = fOg + kferg’ + E 


for the k-th derivative of the product fg of two functions having & deriva- 
tives. Formula (4.3) can be established by induction. Applying (4.3) to 
the functions f(z) = (z — r)”, g(z) = q(2) in (4.2), we obtain 


p? (z) = aX[m(m — 1) *** (m — k +1) (z — »)"7*g(2) 
+ (terms with higher powers of (z — r) as a factor) ]. 
It is now clear that 


p(r) = p' (r) = eee = pir) (r) = 0, 
and 
p™ (r) = am! q(r) = 0, 


which is the desired result. 


EXERCISES 


1. Compute the roots, with multiplicities, of the following polynomials: 


(a) 2-Fz—0 (b) 2+2+1 
(c) z — 32+ 4 (d) 2 — (2+ Oz + (1+ i2) — 6 
(e) 41 — 3 


2. If ris such that 7? = 1, andr Æ 1, prove that 1 + r+ 7? = 0. 
3. Let p be the polynomial given by 
p(z) = ag” -H a”! + +++ s, 
with ao, a1, ***, Qn all real. Show that 
pe) = p»). 
As & consequence show that if r is a root of p, then so is 7. 


4. Prove that every polynomial of degree 3 with real coefficients has at least 
one real root. 
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5. Prove that if p is a polynomial, deg p 2 1, and ris a complex number such 
that 


p(r) = p'(r) = +++ = p™ Mr) 20, — p™(r) € 0, 
then ris a root of p with multiplicity m. This is the converse of Theorem 1. 


6. (a) Use the result of Ex. 5 to show that i is a root of the polynomial p 
given by 


pz) = &+ (2 — 3i + (—1— Gi) + (—6— 502 + (—6 + 20) + 2i, 


and compute the multiplicity of ?. 
(b) Find the other roots of the polynomial p in (a). 


7. Prove the formula (4.3). This can be written in the form 


(fa)? = f?g + (Dro + (ree 
1 
k 
+ eve + (repo + eee Eu f4, 


()- k! 
Wk 1 


is & binomial coefficient. Hint: Use induction, and show that 
a) 6597 Q) 
( I 5 =at 


5. Complex series and the exponential function 


where 


If z is a real number, and e is the base for the natural logarithms, the 
number e* exists, and 


e = = (0! = 1), 
ke 


where the series converges for all real x. Indeed, this series may be taken 
as the definition of e”. We shall need to know what e is for complex z. One 
way is to define e by 

co 2k 
éd kV 
Now we have to prove that this scries converges for all complex z, and in 
fact there is the problem of defining what we mean by a convergent series 
with complex terms. The method is the same as that used to define con- 
vergent series with real terms. 


(5.1) 


gE = 
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A series 


x Ck, (5.2) 


where all c, are complex numbers, is said to be convergent if the sequence of 
partial sums 


Sn = $ Cr, (n = 0, 1,2, ++), 


k=O 


tends to a limit s, as n — o». That is, s is a complex number such that 
ls, — s| 0, (n — œ), 


where the magnitude is the magnitude for complex numbers. If the series 
(5.2) is convergent, and s, — s, we call s the sum of the series, and write 


tes] 
S = > Ck. 
k=O 


If the series is not convergent we say that it is divergent. 
The series (5.2) with complex terms c, gives rise to two series with 
real terms, namely 


> Re cx, > Im c, (5.3) 
pa) kæp 


and it is not difficult to see that the series (5.2) is convergent with sum 
s = Res J- Im s if, and only if, the two real series in (5.3) are con- 
vergent with sums Re s and Im s respectively. In principle, therefore, the 
study of series with complex terms is the study of pairs of real series. 

The series (5.2) is said to be absolutely convergent if the series 


eo 


> | Ck | (5.4) 
k-0 


is convergent. It can be shown that every absolutely convergent series is 
convergent, Since theseries (5.4) has terms which are real and non-negative, 
any condition which implies the convergence of such series can be applied 
to guarantee the convergence of the series (5.2). One of the most important 
tests for convergence is the ratio test. One version of this is the following. 


Ratio test. Consider the series 
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where the c, are complex. If |cx| > 0 for all k beyond a certain positive 
integer, and. 


—- 1, (k => co), (5.5) 


then the series is convergent if L < 1, and divergent for L > 1. 


Thus the series (5.2) is convergent if (5.5) is valid for an L « 1. 
An immediate application of this result is to the series 


co gk 
& kl 
Here c, = z*/k! and 
leu] | æ kW Izl 
lal utp a| kric C9. 


Thus this series converges for every z such that |z| < ©, that is, for all 
complex z. Hence our definition (5.1) of e* as the sum of this series makes 
sense. The function which associates with each z the complex number e* 
is called the exponential function. 


The series defining e' is an example of a power series 


Y alz — z)" (5.6) 


k=O 


about some point ze, the a, being complex. Many of the properties of a 
power series of the type 


co 


» a, (x uni zo)", 
k=0 


where the a4, x, % are real, remain true for series of the form (5.6), and 
the proofs are identical. In particular, if & series (5.6) is convergent on a 
disk D:|z — z| < r (r > 0), then the function f defined by 


eo 


f(z) = È, a(z —2)*, (zin D), 


kap 


has all derivatives in D, and these may be computed by differentiating term 
by term. Thus 


f(G) = È ka(2 — a) = Ý ka(2 — a), 
ka) kel 
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where the last series converges in D. Applying this result to (5.1) we find 


that 
sy — = — m — zz £s 
(= 2h Aup Ru 


Another important property of the exponential function is that 


ert = etigtz (5.7) 
for every complex zı, 22. This can be proved by justifying the following 
steps 

etle = (È: 20 a) = »» Ck. 
k=O 
Here 


k— 
Y cap 29 
Ck = C—O" 


n= (k — n)!n! 


1 & k! ae 
=H Won pa 7 

l ata) 

kl 2 22 


Thus formally we have the product of the series defining e*! and e”? is the 
series defining e*1**?, and these steps can be justified to give a proof of the 
equality (5.7). À consequence of (5.7) is that 


(e*) n = gni 
for every integer n. In particular 1/e* = e~. 
Another property of the exponential function is that for all real 6, 
e”? = cos 0 + t sin 6, (5.8) 


and the proof results from adding the series involved. Indeed, 7? = —1, 
$$ = —4, it = 1, etc., and thus 


cos0=1 -2+ - 
m1 Mee, 

sind =o- bo, 

ising = ig + E g t: 


5! 
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Hence . . 
oe . 10)? 3 
cos0 --:sin0 = 1 te CD EP. LE 
e. (10)* 6 
= = et, 
2: k! 
A consequence of (5.8) is that 
€^ 9 = cos 0 — isin 6, (5.9) 
since cos (—@) = cos 0, and sin (—6) = — sin 0. Using (5.8) and (5.9) 
we can solve for cos @ and sin 6, obtaining 
e? + eg? 
cos Q = 2 , 
. eg? — e? 
sin @ = EN EN 


If z is a complex number with polar coordinates (r, 80), then 
z = r(cos 0 + isin 0), (r 20,0 $6 < 2r), 
and we have, using (5.8), 
z= re”, (5.10) 


Note that |z| = 7, |e#| = 1 for every real 0. The relation (5.10) can be 
employed to find the roots of polynomials p of the form 


p(z) — 2" — c, (5.11) 


where cis a complex constant. Suppose c = |c|e*, where ais real, 0 £ a < 
27, and re” is a root. Then 


r^e*? = | cl ete, 
and taking magnitudes of both sides we see that 
r = |c|, or r= lc], 
where the positive n-th root is understood. Further 


e™ = gia or giaa) = 1, 
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There are exactly n distinct values of 0 satisfying this relation and 0 s 0 < 
27, namely, those for which 

nÜ — a = Ink, 
or 
a + 2rk 
n. 7 


0 = (k =0,1, +n — 1). 


Thus the roots z;, *- *, z, of the polynomial p in (5.11) are given by 


Zk = | c |ne ta+2rk)/n 


= | e|» [cos (= + sin (=), (k 20,1,*-*,» — 1). 


Geometrically we can describe the roots of p as follows. All roots lie on & 
circle about the origin with radius |c|'/". One root has an angle a/n with 
the real axis, if c has angle a with the real axis. The remainder of the roots 
are located by cutting the circle into n even parts, with the first cut being 
at the root at angle a/n. 

As a particular example let us find the three cube roots of 4i. Thus we 
want the roots of z3 — 4v. Here c = 4t, and hence the cube roots will all 
have a magnitude of |4i|"3 = 4'5, If we write c = |c|e'*, we see that 
a = 2/2 in this case. Thus the three cube roots of 42 are given by 


2 = Alsgix/6 Zo = 41/3gióri8, Z3 = 41/3gi9rl6. 


Imaginary 
axis 


Figure 2. Three cube roots of 4£ 
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or since 7/6 represents 30°, 


V3 i v3 
a = en( + 3! a= anf — ? T 5, 


z = — 4i, 


These roots are sketched in Fig. 2. 


EXERCISES 
1. Find the three cube roots of 1. 
2. Find the two square roots of 7. 


3. Find all roots of the polynomials: 
(a) 2 + 24 (b) z‘ -+ i64 
(c) z+ 427+ 4 (d) 219? — 1 


4. If z = x + dy, where z, y are real, show that | e* | = e”. As a consequence 
show that there is no complex z such that e* = 0. 


5. If a, b, z are real show that: 
(a) Re [eet] = e°% cos bz (b) Im [e+] = e^* sin bz 


6. (a) If r = a + ib = 0, where a, b are real, show that (e7) = re'*. 
(b) Using (a) compute: 


1 
(i) I e7 dz 

1 
FH az b 
(ii) I e** cos bz dx 


1 
(iii) f e** sin bz dz 
0 


7. (a) If (z) = e7, where r is a comnlex constant, and x is real, show that 
$'(z) — ró(z) = 0. 
(b) If P(x) = ef*, where a is a real constant, show that: 
G) $'(z) — ia$(z) = 0 
Gi) e9"(x)-F dolz) = 0 


8. For what values of the constant r will the function $ given by $(x) = e'* 
satisfy 

$” (x) + 3$ (z) — 26(z) = 0 
for all real x? 
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9. Let a, = k! + (t/k!). For what real x are the following series convergent? 


a) Ý (Re a) (b) $5 dim ay)z# 
k=O k=0 


(c) > arz" 
k-ü 


10. Consider the series " 


D, (*) 


k=O 


where z is complex. 
(a) Show that the partial sum 
n ] — z^ 
Salz) = >> zk = ———— 
k=O 


1—z' 


if z =£ 1. 
(b) Show that the series (*) converges absolutely for |z| < 1. 
(c) Compute the sum s(z) of the series (*) for |z| < 1. 


6. Determinants 


We shall need to know the connection between determinants and the 
solution of systems of linear equations. Suppose we have such a system of n 
equations 


Oui + QiZ + *** + ainn = C1 


Qai + Q222 + *** + Ann = (6.1) 


| 
® 


Anı + a2 + *** + annn = Cn, 


where the a; and c; are given complex constants. The problem is to find 
complex numbers zi, ***, 2, satisfying these equations. Such a set of n 
numbers is called a solution of (6.1). We say that two solutions 21, ***, Zn 
and zi, «++, 2, of (6.1) are equal if zı = 2i, "++, Za = 2, Ifa =Q 9 e = 
€, = 0 we say that the system is a homogeneous system of n linear equations, 
otherwise we say (6.1) is a non-homogeneous system. The determinant A 
of the coefficients in (6.1) is denoted by 


Qi Gia °° Qin 


Qa Q2  *** Gon 
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and is shorthand for the number A given by 
A= $5 (x)aa0 *** Anin 


where the sum is over all indices 2, **-, 7, such that à, ***, 7, is a permuta- 
tion of 1, **-, n and each term occurs with a + or — sign according as 
4, °°, în is an even or odd permutation of 1, ---, n. Thus 


Qu Q: 
= Qua — ARAA, 
Q2 Q22 
and 
Ou ar ay 
= 111092033 — Gi10o3052 + Gi»023051i 
Qo, 0» Az 


— 12021033 + Qisd21da2 —  Qa3022031. 
O31. 32 33 


The principal results we require concerning determinants are contained in 
the following theorems. They are usually proved in elementary texts on 
linear algebra. 


Theorem 2. If the determinant A of the coefficients in (6.1) is not zero 
there is a unique solution of the system for zi, +++, Za. It is given by 


m= (k = 1, ***,m), 
where A, is the determinant obtained from A by replacing its kth column 
Bik, -*+, ank by C1, e.e, Cn. 


Proof for the case n = 2. In this case suppose zi, z» satisfy 


Oui + Ante = 6 
(6.2) 


azı + Ante = Co. 


Multiply the first equation by az, the second equation by —ay, and add. 
There results 
€ aie 
214 = dati — Ane = = A. 
€? 02 
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Multiply the first equation by —aa, and the second by an, and add, ob- 
taining 
Qi à 
2A = —ü56 + auc = = Ao. 


Thus if A = 0, z must be A,/A (k = 1, 2), and it is readily verified that 


these values satisfy (6.2). 
We note that for a homogeneous system (c = € = +++ = Cn =O in 
(6.1)) there is always the solution 


a= Z = tee = 2, = 0. 
This solution is called the trivial solution. 


Theorem 3. If cı = cp = «++ = Cn = 0 in (6.1), and the determinant 
of the coefficients A = 0, there is a solution of (6.1) such that not all the z, are Q. 


Proof for the casen = 2. We are dealing with the case 
anı + Qz = 0 


aai + mz. = 0, 
where 
A102 — Andie = 0. 
If au # 0, 
— 012 


2 = ——, z= 1, 
au 


is a solution. If aun = 0, and a4 ~ 0, 


— ûz 
Q2 , 
is a solution. If ai = 0, and a4 = 0, 


a4 = a — 1l, 


2, = 1, 25 = 0, 


is a solution. 
Combining Theorem 3 with Theorem 2 we obtain 


Theorem 4. The system of equations (6.1) has a unique solution if, and 
only if, the determinant A of the coefficients 1s not zero. 


Proof. lf A = 0 Theorem 2 says that there is a unique solution. Con- 
versely, suppose there is a unique solution 2, ---, 2, of (6.1). If A = 0, by 
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Theorem 3 there is a solution t, +*+, (4 of the corresponding homogeneous 
system, wbich is not the trivial solution. Then it is easy to check that 
£y + $1, ***, 2. +o, is a solution of (6.1) distinct from zı, +++, Zn, and 
forces us to conclude that A = 0. 


EXERCISES 


1. Consider the system of equations 
$21 + 22— 1 + $ 
221+ (2 — i)z = 1. 


(a) Compute the determinant of the coefficients. 
(b) Solve the system for zı and z;. 


2. Solve the following system for 21, z» and 23: 
3zı 29— z3—0 

221 — z2=1 

Zo + 22, = 2 


3. Does the following system of equations have any solution other than 
21 = Z3 = z; = 0? If so find one. 


42, + 22, + 223 = 0 
321 + 72» + 223 = 0 
2z-F zz+ z =0 


4. Consider the homogeneous system corresponding to (6.1) (the case c1 = 
C2 = *** = c, = 0). Show that if the determinant of the coefficients A = 0, 
there are an infinite number of solutions. (Hint: If zı, ***, Zn is a non-trivial 
solution, show that az), ***, oz, is also a solution for any complex number a.) 


5. Prove that if the determinant A of the coefficients in (6.1) is zero then 
either there is no solution of (6.1), or there are an infinite number of solutions. 
(Hint: Use Ex. 4.) 


7. Remarks on methods of discovery and proof 


Often a student studying mathematics has difficulty in understanding 
why or how a particular result, or method of proof, was ever conceived in 
the first place. Sometimes ideas seem to appear from nowhere. Now it is 
true that mathematica! geniuses do invent radically new results, and meth- 
ods for proving old results, which often appear quite strange. The most 
that ordinary people can do is to accept these brilliant ideas for what 
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they are, try to understand their consequences, and build on them to 
obtain further information. However, there are a few general principles 
which, if followed, can lead to & better understanding of mathematical dis- 
covery and proof. 

Concerning discovery, we mention two principles: 


(a) use simple examples as a basis for conjecturing general results, 
(b) argue in reverse. 


Both of these principles are illustrated in the proof we gave of Theorem 2 
for the case n = 2. We were faced with trying to find out whether the 
system (6.1) of n linear equations has a solution or not, and what condition, 
or conditions, would guarantee a unique solution. We looked at the simplest 
example, which occurs for » — 2 (using (a)). Then we assumed that we 
had a solution (principle (b)), and found out what must be true for a 
solution, namely, that 


4A = A, ZA = Ag. 


We immediately saw that if A = 0, then 
a=—, Z-—. (7.1) 


Note that at this point we have not yet shown that there zs a solution. All 
we have shown is that if zı, zz is a solution, and A = 0, it must be given by 
(7.1). We can now guess that if A = 0, then 4, z» given by (7.1) is a solu- 
tion. This can be readily verified by substituting (7.1) into the given 
equations. An alternate procedure is to check that the steps leading to 
(7.1) can be reversed, if A = 0. Once we have discovered the right condi- 
tion for the case n = 2, it is natural to conjecture that a similar condition 
will work for a general n. 
Three important methods of proving mathematical results are: 


(i) a constructive method, 
(it) method of contradiction, 
(iii) method of induction. 


A typical example of aconstructive method appears inthe proof of Theorem3 
for the case n = 2. We wanted to show that nontrivial solutions of the 
two homogeneous equations exist if A = 0. To do this we constructed 
solutions explicitly. An example of the method of contradiction appears in 
the proof of Theorem 4. We supposed that the system (6.1) had a unique 
solution. We assumed that A = 0, and, using logical arguments, we arrived 
at the fact that (6.1) does not have a unique solution. This is a contradic- 
tion, and the only thing that can be wrong is our assumption that A = 0. 
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The only other alternative is that A ~ 0, which is the conclusion we de- 
sired. 

The method of induction is concerned with proving an infinite number 
of statements Sı, S2 +--+, one for each positive integer n. If sı is true, and 
if for any positive integer k the statement s, implies the statement sí, 
then all the statements sı, S2, ***, are true. An example of a result which 
can be proved using induction is the formula 


(fg? = x ( feng, ( = TOT , 


for the k-th derivative of the product of two complex-valued functions 
f; 9 which have k derivatives; see (4.3). The proof is the same as the induc- 
tion used to prove the binomial formula 


k 

a+b = È (i)a, &-12- 
t=O 

for the powers of the sum of two complex numbers a, b. The method of 

induction is equivalent to a property of the positive integers, and conse- 

quently we assume that this method is a valid method of proof. 

The principles of discovery (a), (b), and the methods of proof (i), 
(ii), (iii), will be used many times throughout this book. It will be instruc- 
tive for the student to identify which principles and methods are being 
used in any particular situation. 


CHAPTER 1 


Introduction—Linear Equations of the 


First Order 


1. Introduction 


in Sec. 2 we discuss what is meant by an ordinary differential equation 
and its solutions. Various problems which arise in connection with differ- 
ential equations are considered in Sec. 3, notably initial value problems, 
boundary value problems, and the qualitative behavior of solutions. In a 
succession of easy steps we solve the linear equation of the first order in 
Secs. 4-7. 


2. Differential equations 


Suppose f is a complex-valued function defined for all real x in an 
interval I, and for complex y in some set S. The value of f at (x,y) is 
denoted by f(x, y). An important problem associated with f is to find a 
(complex-valued) function ¢ on J, which is differentiable there, such that 
for all x on I, 


(i) (x) isin S, 
(GD '(z) —f(z,$(2)). 


This problem is called an ordinary differential equation of the first order, 
and is denoted by 


y' = f(x,y). (2.1) 


The ordinary refers to the fact that only ordinary derivatives enter into 
the problem, and not partial derivatives. If such a function $ exists on I 
satisfying (i) and (ii) there, then ¢ is called a solution of (2.1) on I. 
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As an example consider the case when f is independent of y, that is, we 
have the equation 
y’ = f(z), (2.2) 


where f is defined on some interval J. The problem is to find a function 
¢ on I such that ¢’ exists there, and:¢’(z) = f(x). This is one of the most 
important problems considered in the study of calculus. Indeed, if f is 
continuous on I, we know that the indefinite integral function œo defined by 


dolz) = f fo a, 


where zo is some fixed point in J, is a solution of (2.2). Moreover, if ¢ is any 
solution of (2.2), then there is a constant c such that 


$(z) = (x) +c 


for all x in 7; and every constant c gives rise to a solution in this way. Thus 
all solutions of (2.2) are known in case f is continuous on J, and the study 
of (2.2) reduces to the study of integration. 

For & second example, suppose that $(x) denotes the amount of & cer- 
tain substance at time z, and we know that the substance increases at a 
rate proportional to the amount present at any time z. Then we must 
have 


$'(z) = ké(z), 
where k is some constant. Thus $ is a solution of the differential equation 
y' = ky. (2.3) 


Conventional examples of processes described by this equation are popula- 
tion growth (k > 0) and radioactive decay (k <0). A solution of (2.3) 
is given by 

lz) = eh, 
which exists for all real z. 

The problem posed by the equation y' = f(z, y) has a simple geometri- 
cal interpretation in case f is real-valued, and y is defined on a set S of real 
numbers. Then for each x in J and y in S we are given a number f(z, y), 
which may be thought of as the slope of a straight line through the point 
(x, y). A solution of y’ = f(z, y) on I is a function ¢ whose graph (the set 
of points (z, $(z)), x in I) is a curve whose tangent at (x, $(z)) has the 
slope ¢’(x), which is the same as the given slope f(x, ¢(x)) at this point. 
Thus, geometrically we are given & set of directions, and the differential 
equation is the problem of finding curves having these directions as tan- 
gents. The set of directions (f(z, y) ] is called a direction field. Fig. 3 shows 
such a field for f(z,y) = —zy, and the curve sketched is the solution 
$(x) = 2e-*/ of the equation y' = —zy. 
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Figure 3. The direction field given by f(z, y) = —zy (y > 0) 


Sometimes a differential eġuation occurs in a slightly more general 
form, where the derivative y’ is not by itself on one side of the equation. 
Thus it might be necessary to consider an equation of the form 


F(x,y, y’) = 0. (2.4) 


Here F is some function defined for real x in an interval J, and complex 
Yı y» in sets Sı, S respectively. Then (2.4) is the problem of finding a 
(complex-valued) function ¢ on J, which is differentiable there, such that 
for all x on J, 


(i) (x) isin S, (x) isin S5, 
(so that F(z, (x), ¢’(x)) is defined), 
(ii) F(x, (x), 6'(z)) = 0. 


This problem is also called an ordinary differential equation of the first 
order. The equation (2.1) is the special case when 

Fiz,y,y’) =y —f(x,y). 
Usually we shall consider equations in the form (2.1), since it can be shown 
that (2.4) can be reduced to the form (2.1) under rather general conditions 
on F. 

More general differential equations involve higher order derivatives. 
Let F now be a function defined for real z in an interval J, and for complex 
Vi, ys, *** Yngi in sets Sy, Ss, ---, S41 respectively. The problem of find- 
ing a function $ on J, having n derivatives there, and such that for all x 
in I, 

(i 4$*-P(z)isin S, (k —1,2,---,n-- 1), 
(69 (z) = $(z)), 


(ii) F(x, $(z), s.e, 6 (x)) = 0, 
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is called an ordinary differential equation of the nth order, and is denoted by 
F(z, y, y, ++, y?) — 0. (2.5) 


A function ¢ on I, with n derivatives, satisfying (i) and (ii) is called a 
solution of (2.5) on J. Again it will be the usual situation to consider those 
equations of the form 


yo = f(x, y, y, cet, yr), 


An example of a second order equation is 
y" +y =0, (2.6) 


which arises naturally in the study of electrical and mechanical oscillations, 
Two solutions ¢:, ¢2 which exist for all real z are given by 


di(x) = cos z, é»(z) = sin x. 


8. Problems associated with differential equations 


When presented with a differential equation our first impulse might be 
to try to find all solutions of it. Ideally we would like to write down these 
solutions in terms of well-known functions. This can be done for a large 
number of very important equations. For example, we indicated in Sec. 2 
that all solutions of 


y' = f(x), (f continuous), (3.1) 
are given by 


ola) = f foa tc (82) 


where za is some point in the interval where f is defined, and c is any con- 
stant. All solutions of 
y = ky (3.3) 
are of the form 
o(z) = ce", (3.4) 


and c can be any constant. We shall prove this elementary fact in Sec. 5. 
Also every solution of 


y" +y=0 (3.5) 
has the form 
(x£) = & cos t + esin z, (3.6) 


where &, c; may be arbitrary constants. The proof of this will occur in 
Chap. 2. 
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Frequently we are not interested in all solutions of an equation, but 
only those satisfying certain other conditions. These conditions may take 
many forms, but two of the most important types are initial conditions 
and boundary conditions. An initial condition is a condition on the solution 
at one point. For example, the solution of (3.3) having the property that 
$(0) = 2 (the initial condition) is readily seen from (3.4) to be given by 


(z) = 2e". 
Such an initial value problem would be denoted by 
y'= ky, y(0) = 2. 
Similarly, the solution ¢ of (3.5) satisfying 


$(0) = I, ¢' (0) = 2, 
is given by 
(x) = cos x + 2sin x. 


This problem would be denoted by 
y+y=0, yO) =1, yO) =2. 


A boundary condition is a condition on the solution at two or more points. 
For example, the solution ¢ of (3.5) satisfying 


¢(0) = 1, ¢ (27) = —1, 
is given by 
(x) = cos x — sin x. 


There are many equations for which it is not obvious that solutions 
exist at all; and if they do, it might not be possible to write down ''nice" 
formulas for them. For example, consider the equation 


y" -- y' t siny — 0, (3.7) 


which is encountered in the study of the motion of a pendulum. It can be 
shown that (3.7) has solutions, satisfying any given real initial condition, 
which exist for all real z, although we can not express them in terms of 
functions we meet in calculus. How do we solve equations such as (3.7), 
that is, find the solutions? One method is to develop mathematical pro- 
cedures which would allow us to compute the value of a solution at any 
given x to any desired degree of accuracy. This method should be suffi- 
ciently general to cover a large number of equations. Such a procedure is 
developed in Chap. 5, where a general method for computing solutions to 
initial value problems is given. 

Even though it is impossible to express solutions of some equations in 
nice formulas, it is often the case that we can say a good deal about the 
properties of the solutions. In many situations it is just some property of 
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the solutions which we wish to investigate. For example, without solving 
(8.7) we can show that any solution $ for which 


—r < $4(0) <a, (0) — 0, 


will tend to zero as x — œ. This corresponds to the fact that the oscilla- 
tions of the pendulum are damped, and eventually the pendulum will stay 
arbitrarily close to its equilibrium position y = 0. 


1. 


2. 


g 


EXERCISES 


Find all solutions of the following equations on —œ < g < œ: 
(a) y = & + sins (b) y'-24z 
(c) y = 0, (k a positive integer) — (d) y" = z? 


Verify that the following are solutions of the differential equations given: 

(a) $(z) = &-*^*, for y' + (cos z)y = 0 

(b) (x) = sin z — 1, for y' + (cos z)y = sin x cos z 

(c) 6(z) = 1, for y" — y = 0 

(d) é(x) = e, fory” —y'— 0 

(e) $(z) = c& + coe”, for y" — y’ = 0, (cı, c2 any constants) 

(f) $(x) = sin 2z, for y" + 4y = 0 

(g) (z) = €, for y" + 4y = 0 

(h) $(x) = cı cos kz + co sin kz, for y” + k?y = 0, (k a positive constant, 
and ci, cs any constants) 


Consider the equation y' + 5y = 2. 
(a) Show that the function ¢ given by 


olz) = $ + ce ** 


is & solution, where c is any constant. 

(b) Assuming every solution has this form, find that solution satisfying 
$(1) = 2. 

(c) Find that solution satisfying $(1) = 39(0). 


. Consider the equation y” = 3x + 1. 


(a) Find all solutions on the interval 0 € z < 1. 
(b) Find that solution $ which satisfies $(0) = 1,4'(0) = 2. 
(c) Find that solution $ which satisfies $(0) = 0, ¢(1) = 3. 


| WA 


Consider the equation y’ = kyon — © < x < ©, where k is some constant. 
(a) Show that if ¢ is any solution, and y(z) = $(x)e-**, then (x) = 
where c is a constant. (Hint: Show that /(z) = 0 for all z.) 

(b) Prove that if Re k < 0 then every solution tends to zero as z—» ©, 

(c) Prove that if Re k > 0 then the magnitude of every non-trivial (not 
identically zero) solution tends to © as z — œ. 

(d) What can you say about the magnitudes of the solutions if Re k = 0? 
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4. Linear equations of the first order 


We initiate our study of differential equations by considering the simple 
case of a linear equation of the first order. This is an equation of the form 


y' + a(z)y = b(a), (4.1) 


where a, b are certain functions defined on an interval I. Writing this in 
the form y' = f(z, y) we see that 


f(z,y) = —a(z)y + b(z). (4.2) 
If b(z) = O for all z in J, the corresponding equation 
y +a(z)y =0 


is called a homogeneous equation, whereas if b is not identically zero on T, 
(4.1) is called a non-homogeneous equation. 

We note that if b(z) = 0 for all z in J, then the f of (4.2) is linear in y, 
that is, 


f(x, Yı + yz) = f(a, yi) T f(z, V2) ; 
and homogeneous in y, that is, 


f(z,ey) = cf(z, y), 


where c is any constant. 
We first solve the simple case of (4.1) when a is a constant, and then 
treat the more general case. 


5. The equation y' + ay = 0 
If a is a constant and ¢ is a solution of 
y' T ay — 0, (5.1) 
then ¢’ + ad = 0, and this implies that 


€*(9' + ad) = 0, 
or 
(e=) = 0. 


Therefore there is a constant c such that e"$(z) = c, or 


d(x) = ce. (5.2) 
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We have shown that any solution $ of (5.1) must have the form (5.2), 
where c is some constant. Conversely, if c is any constant, the function ¢ 
defined by (5.2) is a solution of (5.1), for 


$'(x) + ad(x) = —ace-** + ace = 0. 


We have proved a small theorem. 


Theorem 1. Consider the equation 
y + ay = 0, 


where & is a complex constant. If c is any complex number, the function $ 
defined by 


(x) = ce 
is a solution of this equation, and moreover every solution has this form. 


Notice that all solutions exist for all real x, that is, for — o < xz < o. 
Also note that the constant c is the value of ¢ at 0, that is, c = $(0). 


6. The equation y’ + ay = b(x) 
Let a be a constant and let b be a continuous function on some interval 
I. We consider the equation 
y' ay = b(z), (6.1) 


and try to solve it using the same method as in Sec. 5. If ¢ is a solution of 
(6.1), then 

e(o + ad) = eb, 
or 


(ep) = eb. 

Let B be a function such that B’ (x) = e*b(x), for example, 
B(x) = f e at 
zo 

where 2% is some fixed point in J. Since e*$ is another function whose 
derivative is eb, it follows that 

e(z) = B(x) +e 
for some constant c. Therefore 

$(x) = e~*B(x) + ce. (6.2) 


It is easy to see that our steps can be retraced to prove that if ¢ is defined 
by (6.2), where c is any constant, then ¢ is a solution of (6.1). 
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We observe from (6.2) that the function y defined by y(x) = e-*B(xz) 
is & particular solution of (6.1), since it is the solution corresponding to 
c = 0. We summarize our result. 


Theorem 2. Consider the equation 
y + ay = b(z), 


where & 1s a constant, and b is a continuous function on an interval I. If xo 
isa point in I and c%s any constant, the function $ defined by 


$(r) = e f e*tb (t) dt + ce% 


zo 


is a solution of this equation. Every solution has this form. 


EXERCISES 


1. Find all solutions of the following equations: 
(a) y — 2y = 1 b y Fy-e€ 
(c) y — 2y — z-F « (d) 3y' + y = 207 
(e) y + 3y = e” 
2. Let $ be the solution of y’ + iy = x such that $(0) = 2. Find $(r). 


8. Consider the equation 
Ly' + Ry = E, 
where L, R, E are positive constants. 
(a) Solve this equation. 
(b) Find the solution $ satisfying $(0) = Io, where Io is a given positive 
constant. 
(c) Sketch a graph of the solution given in (b) for the case Io > E/R. 
(d) Show that every solution tends to F/R as z — œ. 


4. Consider the equation 
Ly + Ry = E sin wz, 
where L, R, E, w are positive constants. 


(a) Compute the solution ¢ satisfying ¢(0) = 0. 
(b) Show that this solution may be written in the form 


(z) = eran e (RID 4 JEISD sin (wz — o), 
where a is the angle satisfying 
R . wL 
cosa = VEF D sin a = JRI aL 


(e) Sketch the graph of the solution given in (b). 


42 


Introduction—Linear Equations of the First Order Chap. 1 


5. Consider the equation 
Ly! + Ry = Eet#, 


where L, R, E, w are positive constants. 
(a) Compute the solution $ which satisfies (0) = 0. 
(b) Using the differential equation show that $; = Re ¢ satisfies 


Ly’ + Ry = E cos wz. 
Compute d$. 
(c) Using the differential equation show that $$ = Im ¢ satisfies 


Ly’ + Ry = E sin wz. 
Compute 4. 


6. Let $ satisfy the equation 

y' + ay = bi(z), 
and let y satisfy the equation 

y + ay = bi), 


where bı, b; are defined on the same interval J, and a is a constant. 
(a) Show that x = ¢ + y satisfies 


y + ay = bi(z) + ba(z) 


on I, 
(b) Apply the result of (a) to find the solution of 


y' + y = sin z -+ 8 cos 2x 
whose graph passes through the origin. 
7. Consider the equation 
y + ay = b(z), 


where a is a constant, and b is a continuous function on 0 S z < œ, satis- 
fying there | b(z) | S k, where k is some positive number. 

(a) Find the solution $ satisfying $(0) = 0. 

(b) If Re a = 0, show that this solution satisfies 


lees + [1 — eRe oa, 


(c) Show that the right side of the inequality in (b) is the solution of 
y + Rea)jy=k, (Rea » 0), 
whose graph passes through the origin. 


8. Let a be a constant, and let bi, ba be two continuous functions on 0 S$ x < œ 
such that 
[b — ba) lS k, OS2z< o), e 
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for some constant k > 0. Let ¢ be a solution of y’ + ay = bi(x), and y a solu- 
tion of y' + ay = b:(x). Assume that $(0) = V(0). Show that 


k 
[d(z) — X=) | S Rea [1 — e (e 2s] (**) 
ea 


fros r< œ. 


(Note: If b; approximates b; with an error at most k, in the sense of (*), then 
(**) gives an estimate for the difference between the solutions. If k is small y 
will be close to $.) 


9. Consider the equation y' + ay = b(x), where a is a constant such that 
Re a > 0, and b is a continuous function on 0 € z < œ which tends to the 


constant 8 as x — œ. Prove that every solution of this equation tends to 
B/a as x — œ. 


7. The general linear equation of the first order 


We now consider the equation 
y' t a(z)y = b(z), (7.1) 


where a and b are continuous functions on some interval J. If we are given 
an equation 


a(z)y’ + 8(x)y = v(z) 


and a(x) +0 on I, we may divide by a(x) to obtain an equation of the 
form (7.1). The points where a(x) = 0, called singular points, are fre- 
quently troublesome. We postpone a discussion of these difficulties until 
later; see Chap. 4. 

We try to solve (7.1) in the same way we solved the case when a was 
constant. Suppose ¢ is a solution of (7.1). We try to find a function u such 
that 


u($ + ap) = (ud)’. 
If A is a function whose derivative is a, for example 
A(z) = [ att dt, 
I 


where zo is & fixed point in J, then such a function u is given by u = e4 
since 


(e4p)’ = e^9' + aep = e^(¢' + ag). 
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Therefore ¢’ + ad = b if and only if 
(e^$)' = e^b, 
and this is valid if and only if 
e^$ = B +e, (7.2) 


where c is a constant, and B is a function whose derivative is e4b. For ex- 
ample we can choose B to be given by 


BG) = [ e^t) di. 
zo 
Now (7.2) holds if and only if 
$(x) = eAMB(x) + ce4, (7.3) 


We have thus shown that every solution of (7.1) has the form (7.3), and 
conversely, if c is any constant, the function $ defined by (7.3) is a solu- 
tion of (7.1). 

We remark that the function y = e74B is a particular solution of (7.1) 
(the case c = 0), and that $1 = e~4 is a solution of the homogeneous 
equation y’ + a(z)y = 0. 


Theorem 3. Suppose a and b are continuous functions on an interval I. 
Let A be a function such that A’ = a. Then the function y given by 


I 


pla) = ea f eto di, 


where xo is in I, ?s a solution of the equation 

y ta(x)y = b(z) (7.1) 
on I. The function pı given by 

di(z) = e 40 
is a solution of the homogeneous equation 
y t a(z)y = 0. 

If c is any constant, 6 = y + cdr is a solution of (7.1), and every solution of 
(7.1) has this form. 


In solving & particular linear equation & person with & good memory 
could remember (7.3), but it is probably easier to remember that multipli- 
cation of ¢’ + ad = b by e^ yields (e4$)' = e4b, which can be immediately 
integrated to give (7.3). As an example consider the equation 


y' + (cosx)y = sin x cos z. 
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Here a(x) = cos x, b(z) = sin z cos x, and a choice for A is A (x) = sin z. 
Thus, if ¢ is any solution, 


(etin =H)’ = esi" = sin g cos q, 
and an integration gives 


erin "o (x) = (sin r— l)e z+ e, 
or 
(x) = (sin z — 1) + cen =, 


where c is an arbitrary constant. 


EXERCISES 


1. Find all solutions of the following equations: 
(a) y + 2zy = x 
(b) zy’ + y = 323— 1 (forz 0) 
(c) y’ + e*y = 3e” 
(d) y’ — (tan r)y = ez = (for0 < x < 1/2) 
(e) y + 2zy = se 


2. Consider the equation y' + (cos z)y = e5" 7, 
(a) Find the solution ¢ which satisfies ġ(r) = r. 
(b) Show that any solution $ has the property that 


(rk) — $(0) = mk, 


where k is any integer. 


3. Consider the equation zy’ + 2zy = 1on 0 «€ z «€ œ. 
(a) Show that every solution tends to zero as z— œ. 
(b) Find that solution ¢ which satisfies $(2) = 2$(1). 


4. Consider the homogeneous equation 
y' + a(z)y = 0, (*) 


where a is continuous on an interval 7. 
(a) Show that the function ¢ given by $(z) = 0 for all z in J (the identically 
zero function) satisfies this equation, This solution is called the trivial 
solution, 
(b) If $ is any solution of (*), and $(xo) = 0 for some zo in J, show that ¢ is 
the trivial solution. 
(c) If d, y are two solutions of (*) satisfying $(xo) = y/(zo) for some xo in Z, 
show that $(x) = y(x) for all x in I. 
(d) If ¢ is not the trivial solution, and y is any other solution, show that 
there is a constant c such that y = c, that is, (x) = cj (x) for all z in I. 


16 
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5. The equation 
y + a(z)y = B(z)y*, (k constant), 


is called Bernoulli's equation. 
(a) Show that the formal substitution z = y'-* transforms this into the 
linear equation 


z' + (1 — k)a(z)z = (1 — k)B(x). 
(b) Find all solutions of y’ — 2zy = xy’. 


6. Consider the homogeneous equation y’ + a(z)y = 0, where a is a continu- 
ous function on — o» < x < œ which is periodic with period £ > 0, that 
is, a(z + £) = a(z) for all z. 
(a) Let $ be a non-trivial solution, and let (x) = $(xz + £). Show that y is 
a solution. 
(b) Show that there is a constant c such that $(z + £) = c¢(z) for all z. 
(Hint: Ex. 4 (d)). Show that 


g 
€ = exp Cf a(t) a) 
0 


(Note: exp u is an alternate notation for e".) 

(c) What condition must a satisfy in order that there exist a non-trivial 
solution of period £; of period 2£? If a is real-valued, what is the condition? 
(d) If a is a constant, what must this constant be in order that & non- 
trivial solution of period 2£ exist? 


7. Consider the non-homogeneous equation y’ + a(x)y = b(x), where a, b are 
continuous real-valued functions on — o» < xz < œ which are of period £ > 0, 
and b is not identically zero. 
(a) Show that a solution $ is periodic of period £ if, and only if, (0) = (£). 
(b) Show that there exists a unique solution of period £ if there is no non- 
trivial solution of the homogeneous equation of period £. 
(c) Suppose there is a non-trivial periodic solution of the homogeneous 
equation of period £. Show that there are periodic solutions of period £ of 
the non-homogeneous equation if, and only if, 


£ 
f e^Ob(t) dt = 0, 
t 0 
where A(t) — f a(s) ds. 
0 


(d) Find solutions of period 2r for the equations: 
(i) y' + 3y = eos z 
Gi) y’ + (eos z)y = sin 2x 


8. Find all solutions of the equation 
y + 2y = bz),  (—-9«€z«) 
where b(z) = 1— |x|for|z| s 1, and b(z) = Ofor|z|> 1. 


Sec. 7 Introduction— Linear Equations of the First Order 47 


9. The formula z 
VG) = eo [ eb à 
zo 
for a solution y of the equation 
y + a(z)y = b(z) 


makes sense for some functions b which are not continuous. It is sometimes 
convenient to consider such b, and this y is called a solution even in this case. 
Of course y satisfies the differential equation at the continuity points of b. 
Find a solution of the equation 


y + ay = b(z), (a constant), 


where b(z) = l for0 < z zt and b(x) = Oforz > £. Here £ is some positive 
constant. 


10. Suppose $ is a function with a continuous derivative on 0 3 z § 1 satis- 
fying there $'(z) — 2¢(z) & 1, and ¢(0) = 1. Show that 


| (x) s $e" — 4. 
11. Let $, y be solutions of y’ + a(x)y = b(x) on an interval I containing zo. 
Show that for x in J, 


W(x) — Alz) = lis) — Al) exp |- f w a| 


zo 
and consequently that 


IV) — (e) | = 1469 — $9 I exp |— f" Reat a] 
zo 


12. Consider the boundary value problem 
iy = ly,  y(1) = e*y(0), 


where a is a fixed real number, and / is a complex number. 
(a) Show that this problem has a non-trivial solution if, and only if, 


l= X = Ark — a, 


where k = 0, +1, 2, «>>. 
(b) Compute a solution œ, of the problem for | = A, which satisfies 


1 
| | dx(x) P dz = 1. 


(c) If $;, $x are the solutions determined in (b) for 2 = Aș, l = A, respec- 
tively, show that 


1 
f bO dx = 0 
if A; Æ Ak. 
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(d) If f is a function having the form 
f= Aridi + eee + Andn, 


where the ¢;, are as in (b), and the A, are constants, show that 


1 
A, = la) dz. 
k Í fx) d. (x) dx 

(Hint: Use (b) and (c).) 


13. Let f be any continuous function on 0 € z S 1, and consider the problem 
ty’ — ly = f(z), —-y(1) = e*y(0), 


where æ is real, and Z is a complex number not equal to any of the A, in Ex. 
12, (a). Find a solution y of this problem, and show that it can be expressed 
in the form 


1 
V(2) = f ole, y) fty) dy, 


where g has a discontinuity at y = x. 
14. (a) Find the solution $ of the linear equation 
y =1+y 


satisfying $(0) — 0. Observe that this solution exists for all real z. 
(b) Find the real-valued solution y of the nonlinear equation 


y=1+/ 
satisfying V(0) = 0. Observe that this solution exists only for — (7/2) < 
x < (1/2). (Hint: For any ¢ for which such a y exists we must have 
v(t) 
1+ [y (f 


Integrating from 0 to x we obtain tan"! y(x) = zx, or y(x) = tan x. Check 
that this y is the solution desired.) 


= (tan y) (t) = 1. 


(Note: This illustrates one of the differences between linear and non- 
linear equations. General techniques for solving equations such as in (b) 
will be considered in Chap. 5.) 


CHAPTER 2 


Linear Equations with 


Constant Coefficients 


1. Introduction 


A linear differential equation of order n with constant coefficients is an 
equation of the form 


ay + ayy? + asy 07? + +++ + any = b(z), 


where ao 0, dı, ***, an are complex constants, and b is some complex- 
valued function on an interval J. By dividing by ao we can arrive at an 
equation of the same form with a replaced by 1. Therefore we can always 
assume as = 1, and our equation becomes 


y™ + ayy) + ag C7? + ees + any = b(x). (1.1) 


It will be convenient to denote the differential expression on the left 
of the equality (1.1) by L(y). Thus 


L(y) = y + ay? + ay + vee + any, 


and the equation (1.1) becomes simply L(y) = b(z). If b(x) = 0 for all 
z in I the corresponding equation L(y) = 0 is called a homogeneous equa- 
tion, whereas if b(x) ~ 0 for some x in I, L(y) = b(x) is called a non- 
homogeneous equation. 

We give a meaning to L itself as a differential operator which operates on 
functions which have n derivatives on 7, and transforms such a function $ 
into a function L($) whose value at x is given by 


L($)(z) = $?(z) + ayo? (x) + +++ + asó(2). 
us 
L(9) = 4 + aig) + +++ + asd. 
49 
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A solution of L(y) = b(x) is therefore a function ¢ having n derivatives on 
I such that L($) = b. 

From a theoretical standpoint, if b is continuous on J, it is possible to 
find all solutions of L(y) = b(z). We have done this for the case n = 1 
in Chap. 1, Sec. 6. In this chapter we first consider the simple case of the 
second order equation (n = 2). All solutions of the homogeneous equation 
can be found by a simple device which reduces the problem to the algebraic 
one of locating roots of a polynomial. The solutions of the non-homogeneous 
equation can be generated by using the solutions of the corresponding 
homogeneous equation, together with an integration involving the function 
b. Secondly we show how the methods which work for the second order case 
can be extended to solve the n-th order equation. Finally we indicate a 
method of solving the non-homogeneous equation that works fora large 
class of b, and which is often quicker than the general method to apply. 


2. The second order homogeneous equation 


Here we are concerned with the equation 
L(y) = y" + ay’ + ay = 0, (2.1) 


where a; and a; are constants. We recall that the first order equation with 
constant coefficients y’ + ay = 0 has a solution e. The constant —a 
in this solution is the solution of the equation 7 + a = 0. Since differentiat- 
ing an exponential e'* any number of times, where 7 is a constant, always 
yields a constant times e", it is reasonable to expect that for some ap- 
propriate constant 7, e'* will be a solution of the equation (2.1). We have 
seen that this works for equations of the first order. Let us try it for (2.1). 
We find 
L(e*) = (1* + ar + a) e, 


and e'* will be a solution of L(y) = 0, ie. L(e*) = 0, if r satisfies r? + 
ar + a; = 0. We let 


p(r) =r? + ai + a, 


and call p the characteristic polynomial of L, or of the equation (2.1). 
Note that p(r) can be obtained from L(y) by replacing y“ everywhere by 
r*, where we use the conventions that the zero-th derivative of y, y®, is 
y itself, and that 7° = 1. From the Fundamental Theorem of Algebra we 
know that the polynomial p always has two complex roots rı, ra (which 
may be real). If 7, = 72, we see that e" and e'** are two distinct solutions 
of L(y) = 0. 
It is possible to find two distinct solutions in the case 7, = 7: also. We 
have 
L(e*) = p(r)e* (2.2) 
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for all r and x. We recall that if r; is a repeated root of p, then not only 
p(r) = 0, but p’(7,) = 0. This suggests differentiating the equation (2.2) 
with respect to r. In doing this we observe that, since L involves only 
differentiation with respect to x, 


[s ð 
3L )= (=e )- L (xe), 
and therefore 


L(xe*) = [p'(r) + xp(r) Je”. 


Now setting r = n in this equation we see that L(xe'*) = 0, thus showing 
that xe”? is another solution in case rı = 72. We formulate our results so 
far as a theorem. 


Theorem 1. Let a1, a2 be constants, and consider the equation 
L(y) = y" + ay’ + ay = 0. 
If ri, r2 are distinct roots of the characteristic polynomial p, where 
p(r) = 7 + ar + a, 

then the functions $i, 4» defined by 

(z) =e", — dr) = em, (2.3) 
are solutions of L(y) = 0. If rı s a repeated root of p, then the functions 
gi, $2 defined by 

g(r) = ens, do(x) = ze! (2.4) 


are solutions of L(y) = 0. 


We now turn to the problem of finding all solutions of L(y) = 0. It is 
a remarkable fact that every solution of this equation is a linear combina- 
tion, with constant coefficients, of the two functions $i, 4» given by (2.3) 
in case r) ~ r} and by (2.4) in case rı = rs. This will be shown in Sec. 3 
(Theorem 5). 

First we verify the interesting fact that if di, ¢2 are any two solutions of 
L(y) = 0, and c, c; are any two constants, then the function ¢ = chi + 
Cade 1s also a solution of L(y) = 0. Indeed 


L($) = (e: + g2)” + aleio + 0292)! + as (611 + Code) 
Cipi + Gr + 610,0, + 60,4; + Cdp, + 6:056. 
= L(a) + Lb (¢2) = 0. 


The function $ which is zero for all z is also a solution, the trivial solu- 
tion of L(y) = 0. 
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The result of Theorem 1, together with Theorem 5, allows us to solve 
all homogeneous linear equations of the second order with constant coeffi- 
cients. We have only to compute the two solutions ¢:, 4$» and then form all 
linear combinations &$i + €f» of these two, where ci, c; are any constants. 

As an example consider the equation 


y" 4 y' — 2y = 0. (2.5) 
The characteristic polynomial is 

p(r =r+r—2, 
whose roots are —2 and 1. Therefore every solution ¢ has the form 

olx) = cae + c, (2.6) 


where c, c; are constants. Moreover, if ci, c; are any two constants the ¢ 
given by (2.6) is a solution. 
As a second example consider 


y" + wy = 0, (2.7) 
where w is & positive constant. The characteristic polynomial is 
p(r) = 7? 4 w, 


whose roots are iw and —iw. Consequently all solutions of (2.7) are of the 
form 
cet + Geir, 

where cı, ¢& may be any two constants. Taking c = 1, c = $, we see that 
cos wr is a solution; and letting cı = 1/26,0; = —1/2?, we find that sin wr 
is a solution. The equation (2.7) is important in the study of oscillatory 
behavior in many physical situations, and is called the harmonic oscillator 
equation. 


EXERCISES 


1. Find all solutions of the following equations: 


(a) y" — 4y — 0 (b) 3y" + 2y’ = 0 
(e) y” + 16y = 0 (d) vy" =0 
(e) v" + 2ày + y = 0 ( y" — 4i' + 5y = 0 


(g) y" + (i — ly’ — 33 = 0 


2. Consider the equation y" + y' — 6y = 0. 
(a) Compute the solution ¢ satisfying ¢(0) = 1, ¢ 
(b) Compute the solution y satisfying (0) = 0, y 
(c) Compute $(1) and (1). 
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8. Find all solutions $ of y" + y = 0 satisfying: 
(a) $(0) = 1,9(7/2) = 2 (b) #0) = 0,9(7) = 9 
(c) (0) = 0, 6'(7/2) = 0 (d) (0) = 0, 6(7/2) = 0 


4, Consider the equation 
y" + ay’ + ax = 0, 


where the constants aj, a» are real. Suppose a + 78 is a complex root of the 
characteristic polynomial, where œ, B are real, 8 + 0. 

(a) Show that a — iĝ is also a root. 

(b) Show that any solution ¢ may be written in the form 

$(x) = e(d; cos Bx + d» sin Bx), 

where dı, d; are constants. 

(e) Show that a = —2a/2, B = a2 — (a;/4). 

(d) Show that every solution tends to zero as r — + e if a > 0. 


(e) Show that the magnitude of every non-trivial solution assumes arbi- 
trarily large values as x —5 + o if a4 < 0. 


5. Consider the equation 
1 
Ly!” + Ry + oy = 0, 
where L, R, and C are positive constants. (Note: L is not a differential operator 


here.) 
(a) Compute all solutions for the three cases: 


(i) E 4 >0 
I^ LC 
"E ME 
w T 10 
R? 4 
"ELM 
(ii) D Lc « 


(b) Show that all solutions tend to zero as x — œ for each of the cases (i), 
(i), (ii) of (a). 

(c) Sketch the solution $ satisfying $(0) = 1, ¢’(0) = 0 in the case (iii). 
(d) Show that any solution ¢ in case (iii) may be written in the form 


olz) = Ae cos (Bx — w), 
where A, a, B, w are constants. Determine a, f. 


6. Show that every solution of the constant coefficient equation 
y" + ay’ + ay = 0 


tends to zero as r— œ if, and only if, the real parts of the roots of the char- 
acteristic polynomial are negative. (Note: In this case the solutions are often 
called transients.) 


54 Linear Equations with Constant Coefficients Chap. 2 


7. Show that every solution of the constant coefficient equation 
y" + ay’ + ay = 0 


is bounded on 0 S x «o if, and only if, the real parts of the roots of the 
characteristic polynomial are non-positive and the roots with zero real part 
have multiplicity one. 


8. Consider the equation y" + ky = 0, where k is a non-negative constant. 
(a) For what values of k will there exist non-trivial solutions ¢ satisfying 
(i) (0) = 0, (r) = 0, 
Gi) $'(0) = 0, $'(7) = 0, 
Qi) (0) = $(7), 9'(0) = ¢'(r), 
(iv) $(0) = —$(7), 9'(0) = —¢'(r)? 


(b) Find the non-trivial solutions for each of the cases (i)—(iv) in (a). 
9. Let $ be a solution of the equation 
y" + ay’ + ay = 0, 
where a), az are constants. If 
V(z) = e/=4(z), 


show that V satisfies an equation y” + ky = 0, where k is some constant. Com- 
pute k. 


3. Initial value problems for second order equations 


The demonstration that every solution of the equation 
L(y) ^ y" + ay’ + ay =0 


is a linear combination of the solutions (2.3) or (2.4) will depend on show- 
ing that the initial value problems for this equation have unique solutions. 
An initial value problem for L(y) = 0 is a problem of finding a solution ¢ 
satisfying 


plt) =a, (xo) = B, (3.1) 


where zs is some real number, and a, 8 are two given constants. Thus we 
specify ¢ and its first derivative at some initial point zo. This problem is 
denoted by 


L(y) =0, y(t) =a, y(t) =B. (3.2) 


Theorem 2. (Existence Theorem) For any real xo, and constants a, B, 
there exists a solution $ of the initial value problem (3.2) on — » < x < o. 
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Proof. We show that there are unique constants ci, c» such that $ = 
Cid + Cede satisfies (8.1), where $i, ¢2 are the solutions given by (2.3), 
or (2.4). In order to satisfy the relations (3.1) we must have 


Cipi (To) + ess (2o) = a 
(8.3) 


Chi (2o) + Coby (Xo) = 8 
and these equations will have a unique solution cı, c; if the determinant 


| dr(20) — da (29) 
A= = éi(2o) ds (29) — pı (0) ¢2(%0) 0. 
1 (20) (T0) 


In case 7; Æ 75, 
d(i(z) =e, — d(z)-—er, 
and 


A= Poerio — periz0g"270 = (re — "1) etiraz, 
which is not zero, since e+")0 < 0. If r, = r, 


p(z) =e, (2) = ze, 
and 
A = enie(grizo 4 goren) — riren menm = erim £ (). 


Therefore the determinant condition is satisfied in either case. Thus, if 
€;, €; are the unique constants satisfying (3.3), the function 


$ = Cidi + Cade 


will be the desired solution satisfying (3.1). 

We have shown that there is a unique linear combination of $; and 4; 
which is a solution of (3.2). Although it is not quite obvious, it turns out 
that this solution is the only one. Before proving this we give an estimate 
for the rate of growth of any solution ¢ of L(y) = 0, and its first derivative 
¢’, in terms of the coefficients 1, a:, a» appearing in L(y). As a measure of 
the “size” of $ and $' we take* 


Il ez) I] = Ele Co |? + 19^ G2 [7], 
where the positive square root is understood. The “size” of L will be meas- 
ured by 
k=1 + |a| lal. 


* Note that || (z) || is just the magnitude, or length, of the vector with components 
$(z), e'(z). 
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In the course of the proof we shall require the elementary fact that if b 
and c are any two constants, then 
2|b||c| s |b]? + lel? (3.4) 
This inequality results by noticing that 
0s (|b| — lel)? = [b]? + [e]? — 2l] [e]. 
Theorem 3. Let $ be any solution of 
L(y) =y" + ay’ + ay =0 

on an interval I containing a point xo. Then for all x in I 


I eG) jl em x |] o(x)|] S |] b (ao) |f e# ==! (3.5) 
where 


Ile Il = Clete) |* + 196 pe, k= 1+ lal + lal. 


Remark. Geometrically the inequality (3.5) says that || &(x) || always 
remains between the two curves 


y = || d(x) || e and y = || olz) || e; 
the shaded area in Fig. 4. 


Proof of Theorem 3. We let u(x) = || (x) || % Thus 
u= $6 +o, 
where $(z) = $(z), # (x) = $ (zy. Then 
w = dé + ed oE +49" 


IA (xol 


-h[x-x,) 


Xo y= le(Q)lle 


Figure 4 
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and therefore* 


| u(x) | €2]eG)ll ¢’(x) | + 21e (1| 9" (2) |. (3.6) 
Since ¢ satisfies L(¢) = 0 we have 


$” = —ag’ — ard, 
and hence 


|o” (x) | S| as |] 6’(x) | +] a |] e(z) |. (3.7) 
Using (3.7) in (3.6) we obtain 
Ju’ (x) | $2(14+ |a 1621] g (2) | + 2] a1 | ^ 2) |? 
Now applying (3.4) to b = $(z),c = ¢’(x), this gives 
Iv (z)| s (1 4 [o lel) |? + (1 + 2] a1] +] a2|) |g (2) |? 


s 2(14- |a] + la DEL eG) |? +[¢’(z) 12, 
or 
|u’ (x) | € 2ku(z). 

This is equivalent to 

—2ku(x) S u’ (x) S 2ku(z) (3.8) 
and these inequalities lead directly to (3.5). Indeed, consider the right 
inequality which can be written as 

w — 2ku < 0. 


If this were an equality, it would be a linear differential equation for u of 
the first order. We “integrate” this inequality using the same procedure we 
used in Chap. 1. It is equivalent to 


e€^*(wy —2ku) = (e*u) S 0. 
If x > xo we integrate from 2 to x obtaining 


e uw(z) — eu (49) < 0, 
Or 
u(x) S u(x) eo, 
yielding] 
l| e(2 |] S |] ozo) || 6979, — (z2 a). 
'The left inequality in (3.8) similarly implies 


|l (zo) [|e x le(z) |], (£ > zo), 
and therefore 


Il (zo) || em x |] o(x) i S Il e(zo) || 656079, — (x > zo), 


* From the definition of a derivative it follows that ¢’ = $. Also | é(zx)| = | e(z)]. 
t IEO € b S cthen 0 S b! < ci, where the positive square root is understood. 
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which is just (3.5) for x > xe. A consideration of (3.8) for æ < xo, together 
with an integration from x to zo, yields 


I| &(29) || 9 < |] G(x) Hs |] (ao) || e*979, — (x < a), 
which is (3.5) for x < zo. 
Theorem 4. (Uniqueness Theorem) Let a, B be any two constants, and 


let xo be any real number. On any interval I containing xo there exists at most 
one solution ¢ of the initial value problem 


L(y) =0, yl) =a, y (æ) =B. 
Proof. Suppose ¢, y were two solutions. Let x = $ — y. Then 
L(x) = L(g) — L(y) =0, and x(x) =0, x'(z) =0. 
Thus || x(zo) || =0, and applying the inequalities (3.5) to x we see that 
x(x) || 20 for all zin J. 
This implies x(x) = 0 for all x in J, or ¢ = y, proving our result. 


Theorems 2 and 4 now imply the result we promised in Sec. 2. 


Theorem 5. Let di, ¢2 be the two solutions of L(y) = 0 given by (2.3) 
in case ri £ rs, and by (2.4) in case rı = rs. If c1, cs are any two constants the 
function $ = cdi + Code $8 a Solution of 

L(y) —-0on— o «z« om, 
Conversely, if ¢ is any solution of 
L(y) =Oon-—-x<2<o, 
there are unique constants ci, c» such that 
$ = Cid, + es. 


Proof. The first part of the theorem follows, as we have seen, from the 
fact that 


L(o) = aL($) + eL). 
If $ is a solution and 2 is real, let $ (xo) = a, $'(xo) = B. In the proof of 
Theorem 2 we showed that there is a solution y of L(y) = 0, satisfying 
V(xo) = o, V (zo) = B, of the form 
V = Cid: + C5, 


where ¢, c; are uniquely determined by o, 8. By uniqueness (Theorem 4) 
$ó y. 
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EXERCISES 


1. Find the solutions of the following initial value problems: 
(a) y" — 2y’ — 3y = 0, y(0) = 0, y’(0) = 1 
(b) y" + (4i + ly’ + y = 0,9(0) = 0, y0) = 0 
(e) y" + Bi — 1)y' — 3ty = 0, y(0) = 2, y'(0) = 0 
(d) y" + 10y = 0, y(0) = 7, y'(0) = r 


2. Suppose ¢ is a function having a continuous derivative on 0 £ z < œ, such 
that $'(x) + 26(z) s 1 for all such z, and $(0) = 0. Show that ¢(x) < 4 for 


x20, 
3. Find a function $ which has a continuous derivative on 0 € x < 2 which 
satisfies 
$(0 — 0,  4'(0) = 1, 
and 
y’—y=0, for O52 S81, 
and 


y"— 9 = 0, for 1szzsx2. 

4. Suppose ¢, y are two solutions of the constant coefficient equation 
L(y) = y" + ay’ + ay —0 

on a finite interval J including a point zo. Let 
$(x) = ex, $'(%0) = Bi, 
Plo) = os W' (a0) = B, 
(a, — a)? + (Bi — Bo)? = e, 

(a) If x = $ — y show that x satisfies L(y) = 0, and 


and suppose 


X(xo) = a1 — aa, X'(zo) = Bi — Be. 


(b) Show that 
[ p(x) — (x) | s el, 


for all x in J, where k = 1+ | a; |+ | a2|, and | J | is the length of I. (Note: 
This result implies that if a2—» a1, 8» — f, then e— 0, and hence y (xz) — 


$ (x) on I.) 


5. Consider the constant coefficient equation 
Lly) = y" + ay’ + ay = 0. 
Let ¢, be the solution satisfying 
$i) = 1,  d$i() = 0, 
and let $» be the solution satisfying 
p(t) = 0, p= 1. 
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If ¢ is a solution satisfying 


plz) =a, (Xo) = B, 


show that 


(z) = adi(x) + Boo(z) 


for all z. (Note: This shows that every solution ¢ is a linear combination of 
$1 and $», and that ¢ is a linear function of its initial conditions a, 8.) 


6. Let I be the interval 0 < z < 1. Find a function $ which has a continuous 
derivative on — o < + < œ, which satisfies 


y" =0 inl, 
y” + ky = 0 outside Z, (k > 0), 
and which has the form 


olz) = ett? + Ae ike, (x x 0), 
and 


lz) = Betz, (x 2 1). 


Determine $ by computing the constants A and B, and its values in J. 


4. Linear dependence and independence 


Two functions $i, ¢2 defined on an interval J are said to be linearly 
dependent on I if there exist two constants c, c», not both zero, such that 
Gigi (x) + es(x) = 0 


for all x in J. The functions $i, ¢2 are said to be linearly independent on I 
if they are not linearly dependent there. Thus $i, ¢2 are linearly independent 
on 7 if the only constants cı, c» such that ei¢i(x) + co¢e(x) = 0 for all z 
in J are the constants c = 0, c; = 0. 

The functions defined by (2.3) are linearly independent on any interval 
I. For suppose 


cie? + ce = 0 (4.1) 
for all z in J. Then, multiplying by e”, we obtain 
&, + eget = 0, 
and differentiating there results 
Co(r2 — ri)e 777 = Q. 


Since rı # ra and e“?-7»= is never zero, this implies c; = 0. But if c = 0, 
the relation (4.1) gives ae”? = 0, or c; = O also. 
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Similarly the functions $;, $» defined by (2.4) are linearly independent 
on any interval 7. The proof is the same. If 


ce! -++ Gre = 0 
on J, by multiplying by e we get 
€ + Ox = 0, 


and differentiating we obtain c; = 0, and this implies c = 0. 

There is a simple test which enables us to tell whether two solutions 
$i, 4» of L(y) = 0 are linearly independent or not. It involves the deter- 
minant 
Óà1 d 


W (1, ¢2) = = $ió; — dió», 


$i 4 
which is called the Wronskian of $i, d». It is a function, and its value at x 
is denoted by W (di, ¢2) (x). 


Theorem 6. Two solutions $i, d» of L(y) = O0 are linearly independent 
on an interval I if, and only if, 


W ($i, $2) (z) #0 
for all x in I. 


Proof. First suppose W (di, ¢2) (x) = 0 for all x in J, and let c, c» be 
constants such that 


Cigi(x) + eer) = 0 (4.2) 
for all z in J. Then also 
6,0; (2) + Co, (x) = 0 (4.3) 


for all x in J. For a fixed x the equations (4.2), (4.3) are linear homogeneous 
equations satisfied by cı, c». The determinant of the coefficients is just 
W (di, $2) (x) which is not zero. Therefore (Theorem 2, Chap. 0) ci = & = 0 
is the only solution of (4.2), (4.3). This proves that qi, $» are linearly 
independent on 7. 

Conversely, assume $i, 4» are linearly independent on J. Suppose that 
there is an zo in J such that W (4i, $2) (zo) = 0. This implies that the system 
of two equations 


Cipi (z0) + eaje (2o) = 0, 
C16; (Xo) + Coby (29) = 0, 


has a solution c;, c», where at least one of these numbers is not zero (Theorem 
3, Chap. 0). Let c, c; be such a solution and consider the function y = 
Cidi + Cop2. Now L(y) = 0, and from (4.4) we see that 


v (zo) = 0, V (xo) = 0. 


(4.4) 
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From the uniqueness theorem (Theorem 4) we infer that (x) = 0 for 
all x in J, and thus 


&di(x) + p(x) = 0 


for all x in J. But this contradicts the fact that $;, ¢: are linearly inde- 
pendent on 7. Thus the supposition that there was a point xo in J such that 


W (di, $2) (zo) = 0 
must be false. We have consequently proved that 

W ($i, $2) (£) #0 
for all x in 7. 


It is easy to see that we need compute W (du, ¢2) at only one convenient 
point to test the linear independence of the solutions $i, $». 


Theorem 7. Let $i, $: be two solutions of L(y) = 0 on an interval I, and 
let xg be any point in I. Then $i, d» are linearly independent on I «f and only 
of 

W ($i, $2) (1o). = 0. 


Proof. If 41, ¢2 are linearly independent on 7 then 


for all z in J, by Theorem 6. In particular 


W (ds, $2) (to) = 0. 
Conversely, suppose W (4i, ¢2) (zo) = 0, and suppose ci, €; are constants 
such that 

Cipi(x) + Cope(x) — 0 
for all z in 7. Then wesee that 


Cipi (To) + c22 (z0) = 0, 
KACA + Cos (Xo) =0, 


and since the determinant of the coefficients is W ($i, $2) (xo) = 0, we 
obtain ci = c; = 0. Thus 4, ¢2 are linearly independent on J. 

Using the concept of linear independence we can show any two linearly 
independent solutions of L(y) = 0 determine all solutions, in the sense of 
the following theorem. 


Theorem 8. Lei $1, à» be any two linearly independent solutions of 
L(y) = 0 on an interval I. Every solution ¢ of L(y) = 0 can be written 
uniquely as 

$ = Ghi + Cade, 
where cı, €» are constants. 
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Proof. Let zo be a point in J. Since $i, 4» are linearly independent on J 
we know that W (du, $2) (zo) = 0. Let $(xo) = o, ¢' (zo) = B, and consider 
the two equations 


Cipi (T0) + Coba(to) = a 
Ci, (Xp) + Cops (Xo) = 86 


for the constants c, c2. Since the determinant of the coefficients of ci, c2 
is just 
W (di, $2) (zo). = 0, 


there is a unique pair of constants ci, c; satisfying these equations. Choose 
C1, C2 to be these constants. Then the function y = e$: + code is such that 


V(zo) = p(z), V'(xo) = (zo), and L(y) =0. 


From the uniqueness theorem (Theorem 4) it follows that y = $ on 1, 
that is, 
$ = €i + c». 


The importance of Theorem 8 is that we need only to find any two 
linearly independent solutions of L(y) — 0 (not necessarily the ones we 
found in Sec. 2) in order to obtain all solutions of L(y) — 0. For example, 
the equation 

y’+y=0 


has the two solutions e*, e—*, which are linearly independent, but it also 
has the two linearly independent solutions cos x, sin x. Sometimes it is more 
convenient to express a solution in terms of the latter set of functions, 
especially when we want to observe the oscillatory character of a real-valued 
solution. 


EXERCISES 


1. The functions ¢1, ¢2 defined below exist for — œ < z < œ. Determine 
whether they are linearly dependent or independent there. 

(a) di(x) = z, do(z) = e7,ris a complex constant 

(b) d$i(z) = eos z, $x(z) = sin x 

(e) $i(z) = 2%, $s(z) = 52? 

(d) di(z) = sin z, $s(z) = e** 

(e) di(z) = cos z, p(z) = 3(e** + e") 

(f) (1) = z, do(z) = | 2 | 


2. Are the following statements true or false? If the statement is true, prove 
it; if it is false, give a counterexample showing it is false. 
(a) “If $1, $» are linearly independent functions on an interval J, they are 
linearly independent on any interval J contained inside J.” 
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(b) “If $1, $z are linearly dependent on an interval J, they are linearly 
dependent on any interval J contained inside J.” 

(c) “If $1, 9» are linearly independent solutions of L(y) = 0 on an interval 
I, they are linearly independent on any interval J contained inside J.” 

(d) “If $1, $2 are linearly dependent solutions of L(y) = 0 on an interval 
I, they are linearly dependent on any interval J contained inside J.” 


3. (a) Show that the functions $1, $» defined by 
$i) = 2, got) = 2/2], 


are linearly independent for — o < z < o. 

(b) Compute the Wronskian of these functions. 

(c) Do the results of parts (a) and (b) contradict Theorem 6? Explain your 
answer. 


4. Consider the equation 
y" + ay’ + ay = 0, 
where a, az are real constants such that 4a. — a? > 0. Let 
a + iB, a — i (a, B real) 


be the roots of the characteristic polynomial. 
(a) Show that $1, $» defined by 


di(x) = e cos Bz, palz) = e7 sin Bz 


are solutions of the equation. 
(b) Compute W ($1, $2), and show that $i, $» are linearly independent on 
any interval I. (Hint: See Ex. 4, Sec. 2.) 


5. (a) Let $4 be any function satisfying the boundary value problem 
y'-Fwy-0,  wy(0)-—y2-), = y'(0) = y(n), (*) 
where n = 0,1, 2 +++. Show that 


2x 
f $a (x) (x) dz = 0 
0 


if n = m. (Hint: —¢f = nda, and ~om = mn. Thus 
(n? — m)dbadm = $uba — duds = lóxón — pmpn]. 


Integrate this equality from 0 to 27, and use the boundary conditions 
satisfied by $, and dm.) 

(b) Show that eos nz and sin nz are functions satisfying the boundary 
value problem (*). The result of (a) then implies that 


2r 2r 
f cos nz cos mz dx = 0, f eos nz sin mz dx = 0, 
0 0 


2r 
f sin nz sin mz dz = 0, (n = m). 
0 
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6. (a) Show that $4(x) = sin nz satisfies the boundary value problem 
y'-Fny-0, y0)=0, ym]-90, 


where n = 1,2, «++. 
(b) Using (a) show that 


Y 
f sin nz sin mz dz = 0 
0 


if n = m. (Hint: See Ex. 5 (a).) 

(c) Prove that for any positive integer n, $i, ***, ¢, are linearly inde- 
pendent on 0 € x x r. (Hint: Suppose ai$1 + °°° + Gada = 0. Multiply 
both sides of this equality by $& (k fixed between 1 and n) and integrate 
from 0 to v. Use (b).) 


7. Determine all complex numbers ! for which the problem 
=y" = ly, y(0) = 0, y(1) = 0, 
has a non-trivial solution, and compute such a solution for each of these I. 


8. Suppose ¢1, $» are linearly independent solutions of the constant coefficient 
equation 
y" + ay’ + ay = 0, 


and let W(¢1, $2) be abbreviated to W. Show that W is a constant if and only 
if a1 = 0. (Hint: Compute W'.) 


9. Let $1, $» be two differentiable functions on an interval J, which are not 
necessarily solutions of an equation L(y) — 0. Prove the following: 
(a) If $1, $» are linearly dependent on J, then W($i,$2)(z) = Ofor all z in J. 
(b) If W (di, $2) (zo) = Ofor some zo in J’, then $1, $2 are linearly independent 
on I. 
(c) Whi, $2)(x) = 0 for all x in Z does not imply that du, $» are linearly 
dependent on J. (Hint: Ex. 3.) 
(d) Whi, $2) (z) = 0 for all zin J, and $(x) = 0 on I, imply that $1, $2 are 
linearly dependent on Z. (Hint: Compute ($i/d32)'.) 


5. A formula for the Wronskian 


There is a convenient formula for the Wronskian of two solutions of 
L(y) = 0, which results from the fact that W (di, ¢2) satisfies a first order 
linear equation. 


Theorem 9. If ¢1, 4» are two solutions of L(y) — 0 on an interval I 
containing a point Xo, then 


W (41, pa) (z) = ee W ($i, ha) Ux). (5.1) 
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Proof. We have 
dy + aid; + aed: = 0, 
d, + aid, + dida = 0, 


and multiplying the first equation by — ¢z, the second by ¢1, and adding we 
obtain 


($195! — dide) + aldir — dis) = 0. 
We notice that if W = W(di, ¢2), 
W = did, — bide, and W’ = didi’ — di do. 
Thus W satisfies the first order equation 


W'+aW =0. 
Hence 
W(x) = ce, 


where c is some constant. Setting z = x we see that 


W (xo) = cg m 
or 
c= enzoW (xo), 
and thus 
W(x) = ee) W(x), 


which was to be proved. 


6. The non-homogeneous equation of order two 


We turn now to the problem of finding all solutions of the equation 
L(y) = y” + ay’ + ay = b(a), 


where b is some continuous function on an interval I. Suppose we know 
that V, is a particular solution of this equation, and that y is any other 
solution. Then 


L(y — V) = L(y) — L(y) =b—b=0 


on J. This shows that y — y, is a solution of the homogeneous equation 
L(y) = 0. Therefore if $;, ¢2 are linearly independent solutions of L(y) = 
0, there are unique constants c, e; such that 


y — Wp = Cgi + Code. 


In other words every solution y of L(y) = b(x) can be written in the 
form 


V = Vp + Cidi + Coda, 
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and we see that the problem of finding all solutions of L(y) = b(x) reduces 
to finding a particular ene Yp and two linearly independent solutions 
$i, d» Of L(y) = 0. Note that if 


L(v,) = b, and L(&) = L(d) = 0, 
and ci, c; are any constants, then 


V = Vp + edi + Cope 
satisfies L(y) = b. 

To find a particular solution of L(y) = b(x) we reason in the following 
way. Every solution of L(y) =0 is of the form cdi + c» where ci, c 
are constants, and $i, ¢2 are linearly independent solutions. Such a function 
Cid, + Code can not be a solution of L(y) = b(x) unless b(zx) — 0 on I. 
However, suppose we allow ci, c to become functions ui, uz (not necessarily 
constants) on J, and then ask whether there is a solution of L(y) = b(z) 
of the form wid: + u;d» on J. This procedure is known as the variation of 
constants. The remarkable thing is that it works. We argue in reverse. 
Suppose we have a solution of L(y) = b(x) of the form wid: + 1», 
where ui, u are functions. Then 


(upi + Unde)” + ai (adi + Uade)’ + aa (adi + wz) 
= wiL (gr) + wL(&) + (ój + pius) +21 + druz) 
+a, (eui + dts) 
= (dui + pug) +2 (buy + dru) + aldu, + pru) = b, 


and we notice that if 
piui + pu, = 0 (6.1) 
then 
0 = (dur + prua)! = (Qiu + prua) + (iuz + dius), 


and we must have 
piu, + prt = b. (6.2) 


Looking at this reasoning in reverse we see that if we can find two func- 
tions u, u satisfying (6.1), (6.2), then indeed widi + wzġ2 will satisfy 
L(y) = b(z). 

The equations (6.1), (6.2) are two linear equations for uj, u,, with a 
determinant which is just the Wronskian W(4i, ¢2). Since we assumed 
$1, d» to be linearly independent this determinant is never zero on J, and 
there exist unique solutions u,, u,. Indeed, a little calculation shows that 


, — dab ' dub 


^ 7 W(e.:é)' ^  W($,42) 
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In order to obtain v;, u; all we have to do is integrate. For example, if x 
is in Z we may take for ui, uz 


- dx(t)b(t) z gi(t)d(t) 
= — dt, = = dt. 
ua = -f ew O was 
The solution y, = ui$i + usd» then takes the form 


_ Fh Htl) — &i(x)es b(t) 
Volz) = f; W (Qi, $2) (£) 


dt. (6.3) 
We summarize our results. 


Theorem 10. Let b be continuous on an interval I. Every solution yj of 
L(y) = b(x) on I can be written as 


Y = Yp + Gii + Code, 


where pp is a particular solution, di, d» are two linearly independent solutions 
of L(y) = 0, and cı, c» are constants. A particular solution y, is given by 
(6.3). Conversely every such y is a solution of L(y) = b(x). 


As an example let us solve L(y) = b(z) in the case p(r) = 7? + ar + 
a2 has two distinct roots rı, 72. We may take 


gla) =e, — ga(z) = e", 
and then 
Wo, $») (x) = (r — rere, 
Also 
di()de(z) — gilt) de(t) = enter — erzest, 


Thus every solution y of L(y) = b(2) in this case has the form 


1 z 
ylz) = cg + cer + - f [ernes — enii- 0^5 (t) dt, 


1 — 72 “x9 


where zo is a real number, and o, c; are constants. 
For & more concrete illustration of this method of solving & non-homo- 
geneous equation consider the equation 


y” — y' — 2y =e. 
The characteristic polynomial is 
r?—r—2=(r+1)(r— 2), 


and therefore two linearly independent solutions 4i, ¢2 of the homogeneous 
equation are 
di(z) = e, do(x) = ev. 
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A particular solution y, of the non-homogencous equation is of the form 

V»(z) = w(x)e- + u(x)e*, 
where 1, u, satisfy the equations (6.1), (6.2), that is, 

uy (z)e77 + u(r) = 0, 
=u (r) + 2u;(z)e* = e. 

Solving these for uj, u, we find that 

u(x) = —3, u(x) = łe, 


and for 11, uw we can take 


ulz) = -$ ue(x) = —ie-*. 
Thus y, is given by 


r 
p(x) = nd — $e. 


We note that — (e-7/9) is a solution of the homogeneous equation, so that 
we may take — (re-7/3) as a simpler particular solution of the non-homo- 
geneous equation. The most general solution y of the non-homogeneous 
equation then has the form 


v(x) = -ze + ae + oe, 


where ci, c? are any two constants. 


EXERCISES 


1. Find all solutions of the following equations: 
(a) y" + 4y = cos x 
(b) y" + 9y = sin 3x 
(c) y" + y = tan z, (Cv/2 < x < 7/2) 
(d) y" + 2iy’ y = 
(e) y" — 4y' + 5y = 3e* + 22? 
(f) y" — Ty’ + 6y = sin x 
(g) y" + y = 2 sin x sin 2x 
(h) y" + y = sec z, (Cr/2 < z < 1/2) 
Q 4y"” — y = & 
Qd) 6y” + 5y’ — by = x 
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2. Let L(y) = y" + ayy’ + asy, where a3, a: are constants, and let p be the 
characteristic polynomial p(r) = 7? + air + as. 
(a) If A, o are constants, and p(a) + 0, show that there is a solution ¢ of 
L(y) = Ae** of the form $(z) = Be**, where B is a constant. (Hint: Compute 
L(Be**).) 
(b) Compute a particular solution of L(y) = Ae?" in ease pla) = 0. (Hint: 
If B, r are constants compute L(Bze’*), and then let r = a.) 
(c) If $, V are solutions of 


L(y) = biz) | L(y) = b(a), 
respectively, on some interval 7, show that x = ¢ + y is a solution of 
L(y) = bi(z) + be(z) on I. 


(d) Suppose A, Ae, a1, a» are constants, and p(oi) = 0, p(os) = 0. Find a 
solution of 


L(y) = Aye? + A7. 
3. Consider 
Lly) = v" + ayy’ + asy, 


where a), az are real constants. Let A, w be real constants such that p(iw) = 0, 
where p is the characteristic polynomial. 
(a) Show that the equation L(y) = Aet“? has a solution $ given by 


etema) 


o(z) = 


LI 


| piw) | 
where p(iw) = | p(iw) | e. (Hint: Ex. 2 (a).) 
(b) If œ is any solution of L(y) = Aet”? show that $; = Re $, $» = Imọ, 
are solutions of 
L(y) = Ácosoz, L(y) = A sin wr, 
respectively. 
(c) Using (a), (b) show that there is a particular solution ¢ of 


1 
Ly" + Ry’ + g = E cos wr, 


where L, R, C, E, w are positive constants, which has the form $(z) == 
B cos (wx — a). (Note: Lis a constant here, and not a differential operator.) 
(d) Suppose that R?C < 2L in (c). For what value of w is B à maximum? 
(Note: This w is often referred to as the resonance o.) 


4. Consider the equation 
y" + ay = A cos wz, 
where A, w are positive constants. 
(a) Find all solutionson0 < t< e. 
(b) Show that every solution ¢ is such that | ¢(z) | assumes arbitrarily 


large values as z— o. 
(c) Sketch the graph of that solution $ satisfying ¢(0) = 0, ¢’(0) = 1. 


Sec. 7 Linear Equations with Constant Coefficients 71 


5. Consider the equation 
Lly) = y" + ay’ + ay = b), 
where a1, a4 are constants, and b is a continuous function on 0 3 z < o. 
Suppose that the roots rı, rz of the characteristic polynomial 
plr) = r + ar + œ 


are distinct, and Re r, < 0, Re r < 0. 
(a) Suppose b is bounded on 0 £ z < œ, that is, there is a constant k > 0 
such that 
| b(x) | £ k, (0 $8 z« o). 

Show that every solution of L(y) = b(z)is bounded on 0 S x< œ. (Hint: 
Use the formula for a solution y which was developed just after Theorem 10.) 
(b) If b(z) — 0, as z — o, show that every solution of L(y) = b(x) tends 
to zero as T—> o. 


7. The homogeneous equation of order n 


Everything we have done for the second order equation can be carried 
over to the case of the equation of order n. Now let L(y) be given by 


L(y) = y + ayy) + ay"? -+ eee + AnY, 


where ai, à», * *-*, An are constants. We try to solve L(y) = 0 as before by 
trying an exponential e7. We see that 


L(e*) = p(r)er, (7.1) 
where 
p(r) = r^ + ar" + ag? + eee + an 


We call p the characteristic polynomial of L. If r, is a root of p, then clearly 
L(e'*) = 0, and we have a solution e", If 7, is a root of multiplicity mi of 
p, then 


p(r1) = 0, p (ri) = 0, ses, p» (rı) = 0. 


If we differentiate the equation (7.1) k times with respect to r, we obtain* 


oF à* 
SL) = Le ) = Late) 


k(k — 1) 
2 


= [> (n) + kp (rye + 58 — D pwn yas 4 see see 


* If f, g are two functions having k derivatives, then 


(k — 1) 
2 


(Jo) = fog + kfé-ug! 4. EED pong 4 one + fg. 
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Thus for k = 0, 1, +++, mi — 1, we see that zte"! is a solution of L(y) = 0. 
Repeating this process for each root of p we arrive at the following result. 


Theorem 11. Let rı, +++, Ta be the distinct roots of the characteristic 
polynomial p, and suppose ri has multiplicity m; (thus mı + ms + «++ + 
m, = n). Then the n functions 


eno, rer, eee , gmi lenz, 


az T2 eee 1 bi ecc? 
ee peras, , nr grat; ee; 


ere, xen, see, gm lerss 
are solutions of L(y) = 0. 
The n functions $i, -*-, ġn on an interval J are said to be linearly 
dependent on I if there are constants o, «++, c, not all zero, such that 
ehi(z) + *** + Capat) = 0 


for all x in I. The functions 4, ***, ¢, are said to be linearly independent on 
I if they are not linearly dependent on J. 


Theorem 12. The n solutions of L(y) =0 given in Theorem 11 are 
linearly independent on any interval I. 


Proof. Suppose we have n constants 


Ce (i =1,+++,s;7 = 0, +++, m; — 1) 
such that 


s mj—l 


2 >» Cre? = 0 (7.2) 


imi j=0 
on I. Summing over j for fixed 7, we let 
m,;—1 
P(x) = Citi 
j=0 
be the polynomial coefficient of e':* in (7.2). Thus we have 
P,(z)e + Pi(x)erm + --- + Pi(xr)eü7 = 0 (7.3) 


on J. Assume that not all the constants c;; are 0. Then there will be at 
least one of the polynomials P; which is not identically zero on 7. By re- 
labeling the roots r; if necessary we can assume that P, is not identically 
zero on J. Now (7.3) implies that 


P(x) + Pi(x)efrz-002 + ee. -+ P.(z)etr7707 =Q (7.4) 


on I. Upon differentiating (7.4) sufficiently many times (at most m, times) 
we can reduce Pi(z) to 0. In this process the degrees of the polynomials 
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multiplying es» remain unchanged, as well as the non-identically 
vanishing character of any of these polynomials. We obtain an expression 
of the form 


Q2( x) esr) + eee -+ Q, (x) es = 0, 
or 


Q2(x) ev eee + Q.(z)e =0 


on I, where the Q; are polynomials, deg Q; = deg P;, and Q, does not vanish 
identically. Continuing this process we finally arrive at a situation where 


R,(x)ers* = 0 (7.5) 


on J, and R, is a polynomial, deg R: = deg P., which does not vanish 
identically on 7. But (7.5) implies that 2,(z) = 0 for all x on 7. This con- 
tradiction forces us to abandon the supposition that P, is not identically 
zero, Thus P,(x) = 0 for all z in J, and we have shown that all the con- 
stants c;; = 0, proving that the n solutions given in Theorem 11 are linearly 
independent on any interval J. 

If $1, ***, Ọm are any m solutions of L(y) = 0 on an interval 7, and 
€, ***, Cm are any m constants, then 


$ = 60: + see + CnOm 


is also a solution since 


L($) = aL(&) + *** + CnL (dm) = 0. 


As in the case n = 2 every solution of L(y) = 0 is a linear combination of 
n linearly independent solutions. The proof of this fact depends on the 
uniqueness of solutions to initial value problems, which we shall establish 
in Sec. 8, Theorem 17. 

As an example consider the equation 


y" — y + 2y = 0. 
The characteristic polynomial is 
pr) =r — 3r +2, 


and its roots are 1, 1, —2. Thus three linearly independent solutions are 
given by 
e, xe", e, 


and any solution $ has the form 
é(z) = (a + ex)e* + ee, 


where Cy Cz, c; are any constants. 
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EXERCISES 


1. Are the following sets of functions defined on — œ < z < o linearly inde- 
pendent or dependent there? Why? 

(a) gi(z) = 1, d2(z) = z, ds(z) = 2° 

(b) di(x) = e, d(x) = sin z, ds(z) = 2 cos z 

(c) gi(z) = z, doz) = e, ġel) = | z | 


2. Prove that if pj, po, ps, pa are polynomials of degree two, they are 
linearly dependent on — œ < z < o. 


3. Are the following statements true or false? If the statement is true, prove it; 
otherwise give & counterexample. 
(a) “If $i, ***, dn are linearly independent functions on an interval Z, 
then any subset of them forms a linearly independent set of functions on I." 
(b) “If $1, ***, $4 are linearly dependent functions on an interval J, then 
any subset of them forms a linearly dependent set of functions on J.” 


4. Find all solutions of the following equations: 


(a) y" — 8y — 0 (b) y + 16y — 0 

(c) y" — 5y” + Gy — 0 (d) y" — iy" + 4y' — 4iy =0 
(e) yO + 100y = 0 (f) y® + 5y" + 4y = 0 

(g) y® — 16y = 0 h) y” — 3y' — 2y — 0 


(i) y" — Sty” — 3y' + iy =0 


5. (a) Compute the Wronskian of four linearly independent solutions of the 
equation y + 16y = 0. 
(b) Compute that solution $ of this equation which satisfies 


(0) = 1, $'(0 — 0, $"(0) — 0, $"'"(0) = 0. 
6. Find four linearly independent solutions of the equation 
y X = 0, 
in case: 
()14—-0 (b)A>O (c)A<O 
7. Suppose the constants a), ***, a, in 


L(y) = y? + ay") + eae + Ony 
are all real. 
(a) Show that if ¢ is a solution of L(y) = 0 then so are 


ġı = Reġ and ¢2= Im¢. 


(b) If a + 78 (o, B real) is a root of the characteristic polynomial of L show 
that the functions 


€** cos Bx, e= sin Bx 


are solutions of L(y) == 0. 
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8. Suppose all roots of the characteristic polynomial for the equation 

y ayy) 4 eee + any = 0 
have negative real parts. Show that every solution tends to zero ast—> + o. 
9. Suppose all roots of the characteristic polynomial for the equation 

y + ay) + eee + ayy = 0 


have non-positive real parts, and those roots with zero real parts have multi- 
plicity one. Show that all solutions are bounded on 0 S z < œ. (Note: A 
solution ¢ is bounded on 0 S x< œ if there is a constant k > 0 such that 


lé(z)|) Sk for 0sz« o) 


8. Initial value problems for n-th order equations 


An initial value problem for L(y) = 0 is a problem of finding a solution 
¢ which has prescribed values for it, and its first n — 1 derivatives, at some 
point zo (the initial point). If o, «++, œn are given constants, and x is some 
real number, the problem of finding a solution ¢ of L(y) = 0 satisfying 

$ (zo) = cp $ (Xo) = 02$ 8%, gn) (To) = Qn; 
is denoted by 


L(y) =0, y(%) =a, y'(To) = as ::, y(t) = an. 


There is only one solution to such an initial! value problem, and the demon- 
stration of this will depend on an estimate for the rate of growth of a solu- 
tion ¢ of L(y) = 0, together with its derivatives ¢’, ---, $("75. We define 
[| &(z) || by 


I| oC) || = Elele)? + eee + | oe a)l, 
the positive square root being understood, and give the analogue of 
Theorem 3. 
Theorem 13. Let ¢ be any solution of 
L(y) = y? + ay) 4+ --- + ay =0 
on an interval I containing a point xo. Then for all x in I 
I] ero) || e < || g(x) |] S || eo) || I, (8.1) 


where 


k-lsla|- lal. 
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Proof. Letting u(x) = || (x) ||? we have 
u = oo JF olo p- + $7 Dg 7D, 
Hence B 
u = $'ó + $$ beer + $0907» 
HoP + edi Hee + gerd, 
and therefore 
| u’(x) | S 2] o(x)|1 6’(x)| + 2| e'GolI e" (z)| + > 


+2 | o)(zx)|| (x). (8.2) 
Since ¢ satisfies L($) = 0 we have 


$0 = — [ap 4 --- + And |, 
and 
| (x) | S| a || oP (@) | + +++ + | an Il O(a) |. (8.3) 


Using (8.3) in (8.2) there results 
| w’(x) | $2| e(l g a)l +2] 4’(x)|1 (x) + --- 
+ 2 | p(x) || oY (x) | + 2 | a || g (x)|? 
+ 2 | a2 || 6079 (2)]| 697» (2)] + ++ +2 | an |] (x)|] 6° (2)|" 
We now apply the elementary inequality 
2|b||e| S |b? + le? 
to obtain 
Iv()| s (1 + |an DIe( P+ (2 + |an l) |g (2) |? 
EQ Ia Dé) |? 
t 0 c2[a|- [2| +++ [24] | 607 (2) |2 
Therefore 
| w(x) | S2ku(x), 
and the remainder of the proof is the same as the steps following (3.8) in 
the proof of Theorem 3. 
Theorem 14. (Uniqueness Theorem) Let ai, +++, o be any n constants, 
and let xo be any real number. On any interval I containing xo there exists at 
most one solution $ of L(y) = 0 satisfying 


plz) = a, d'(x) = a2, +», Go (m) = an 


Proof. The proof is the same as that of Theorem 4. Suppose ¢, y were 
two solutions of L(y) = 0 on Z satisfying the above conditions at zo. Then 
X74 — y satisfies L(x) = 0 and 


x(xo) = x'(m) = eee = x" (z) = 0. 
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Thus || x(z9) || = 0, and applying (8.1) to x we obtain || x(x) || = 0 for 
all x in J. This implies x(x) = 0 forall zin I, or $ = y. 

The Wronskian W ($i, +++, Øn) of n functions gi, +++, 6, having n — 1 
derivatives on an interval J is defined to be the determinant function 


$i eee $a 
$i eve ro) 
W (Qi, MP $n) = M , 


ofr) eee pf) 


its value at any x in I being W (di, «++, dn) (2). 


Theorem 15. 7f à, «++, dn are n solutions of L(y) = 0 on an interval I, 
they are linearly independent there if, and only if, W (lẹnu °°°, on) (x) #0 
for all xin I. 


The proof is entirely similar to the proof of Theorem 6 (the casen = 2), 
and so will be omitted. The result and the proof do not depend on the fact 
that L has constant coefficients. See the proof for a more general case in 
Chap. 3, Theorem 6. 


Theorem 16. (Existence Theorem) Let oi, +++, an be any n constants, 
and let Xo be any real number. There exists a solution $ of L(y) =0 on 
— c <x < c satisfying 

p(z) = an d'(zx) = oa», =°., $C (xm) = an (8.4) 


Proof. Let $i, +++, $4 be any set of n linearly independent solutions of 
L(y) = 0 on — œ <z «€ œ, for example these could be the solutions 
obtained in Theorem 11. It will be shown that there exist unique constants 
Cı, ***, €, such that 


$ = di + °°° + Cada 


is a solution of L(y) = 0 satisfying (8.4). Such constants would have 
to satisfy 
Cipi (to) + *** + Cnbn(to) = a 


Cipi (20) + +++ + Cn, (xo) = ae 
. (8.5) 
Cih" (x0) + eee F 007 (x0) = Any 


which is a system of n linear equations for c, +++, Ca. The determinant of 
the coefficients is just W ($i, ++, ¢n) (zo) which is not zero, by Theorem 15. 
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Therefore there is a unique set of constants cj ---,c, satisfying (8.5). 
For this choice of cı, +++, c, the function 


(o) = Cii + eee + Cada 
will be the desired solution. 


The results of Theorems 14 and 16 allow us to describe all solutions of 
the homogeneous n-th order equation with constant coefficients L(y) = 0. 


Theorem 17. Let ¢1,+°+,¢n be n linearly independent solutions of 
L(y) = 0 on an interval I. If ci, +++, Cn are any constants 


p = €i + -°° + Cada (8.6) 
is a solution, and every solution may be represented in this form. 
Proof. We have already seen that 
L($) = aL($) + +++ + aLr) = 0. 
Now, let ¢ be any solution of L(y) = 0, and let zo be in J. Suppose 
(zo) =a, (x) = os 2%, $U D (zo) = an. 


In the proof of Theorem 16 we showed that there exist unique constants 
C1, ** *, €, such that y = eid: + *** + Cada is a solution of L(y) = 0 on I 
satisfying 


V(t) — c (to) = a2, -:, YOD (To) = an. 


The uniqueness theorem (Theorem 14) implies that $ = y, proving that 
$ may be represented as in (8.6). 
A simple formula exists for the Wronskian, as in the case n = 2. 


Theorem 18. Let $i, «++, n be n solutions of L(y) = 0 on an interval I 
containing a point Xo. Then 


W(d1, +++, bn) (z) = e71079W (di, ***, Øn) (1x). (8.7) 


This result is a corollary of a more general result concerning the 
Wronskian of n solutions of a linear homogeneous equation with variable 
coefficients; see Theorem 8, Chap. 3. We therefore omit the proof here. 


Corollary to Theorem 18. Let pı, +++, ¢n be n solutions of L(y) =0 
on an interval I containing Xo. Then they are linearly independent on I if 
and only of W(¢:, 5 $a) (Xo) =£ 0. 


Proof. The proof is an immediate consequence of Theorem 15 and the 
formula (8.7). 
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As a simple illustration of the use of (8.7) consider a homogeneous 
equation of order 3 which has a root rı with multiplicity 3. Its characteristic 
polynomial is 

plr) = (r — n)? 2n — 3rr? + 3rêr — ri. 
Hence 
L(y) = y" — 8ryy" + 3riy' — riy, 


and we have a, = —3ni. We take 
p(z) =e", — dez) = ze", — a(x) = ze", 


and then obtain 
enz Ten ren” 


W(o, $z $3) (x) =| nen (1 + nux) ena (2x + viri) gne 


rignz (21 + rix)e (2 + driz + rêr?) en 


This becomes a little involved to evaluate directly, but using (8.7) with 
zo = 0 we obtain 
1 0 0 


W (bi $2, ¢3)(0) =| 1 Of= 2, 


rl 2n 2 
and hence 
W (hs oe, $1) (x) = Ze, 


EXERCISES 


1. Consider the equation 
y” — 4y' = 0. 


(a) Compute three linearly independent solutions. 
(b) Compute the Wronskian of the solutions found in (a). 
(c) Find that solution $ satisfying 


$(0 —0, Á $'(0)-—1,  4"(0)-—O. 
2. Consider the equation 
yO — y^ — y' ty = 0. 


(a) Compute five linearly independent solutions. 
(b) Compute the Wronskian of the solutions found in (a), using Theorem 18. 
(c) Find that solution $ satisfying 


$(0 = 1, (0 = $"(0) = 9'"(0) = 90) = 0. 
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3. Suppose ¢ is a solution of 
yO + ay + eee + any = 0, 


and (rz) = $(x) exp (ait/n). Show that y satisfies a linear homogeneous 
equation with constant coefficients 


y + by 7 -+ eee -+ bay = 0, 


with bı = 0. (Note: The Wronskian of any n linearly independent solutions of 
the latter equation is a constant; see (8.7).) 


4. Consider the constant coefficient equation 
y + ay 079 + +++ + any = 0, 
and suppose $1, ***, $, are solutions satisfying for some real zo 
$:F (m) = 63, — (54 = 1, +e n), 


where ô; = lift = j, and 6,;= Oif i =j. 
(a) Show that $1, «++, $n are linearly independent. 
(b) If $ is a solution satisfying 


Q7 (zo) = ay, (j = 1, eee, n), 
show that 
$ = audi + ab» + eee + Os. 


(Note: This shows that $ is a linear function of its initial conditions aj, 
ewe , [44 n.) 


9. Equations with real constants 


Suppose that the constants a;, «++, a, in 
L(y) = y? tr ary? + -ee + asy 
are all real numbers. The characteristic polynomial 
p(r) = r^ + ag? + --- a, 
then has all real coefficients. This implies that 
p(r) = »(?) (9.1) 


r^ + ari + e dà. 
Praed. 
7^ p a, + eee + An 
pr). 


for all r, since 


p(r) 
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From (9.1) it follows that if r, is a root of p, then so is ri. Thus the roots of 
p whose imaginary parts do not vanish occur in conjugate pairs. A slight 
extension of this argument shows that if r, is a root of multiplicity m; then 
^; is a root with the same multiplicity m;. If there are s distinct roots of p, 
let us enumerate them as follows: 


Ti, Ty, To, To, ** *, Tj, Ti Toa, °° t, Ta; 
where 
re = ok tit, (k = 1, ***,; on, Tk real; ry Æ 0), 


and ro;4, ***, r, are real. Suppose that r; has multiplicity m,. Then we 
have 


2(mi + *** + mj) + maga b t +m, = n. 


Corresponding to these roots we have the n linearly independent solu- 
tions 


ene, zen, zx gm-lgris; en, zen, eee, glen, eee ; ene, mere, coe, galery 
(9.2) 


of L(y) = 0. Every solution is a linear combination, with constant coeffi- 
cients, of these. We now note thatiflsksj,0Shsm,-—1, 
qherkz = ohelortingds — qheskz(oos rug + 7 sin 7,2), 
(9.3) 


gherit = ghelcr-ttez — gherk=(cos ræ — isin rge). 


Thus every solution is a linear combination, with constant coefficients, of 
the n functions 


€^* COS TiL, ze"1* COS 712, ** *, 171716"? COS rq; 


en sin riz, 2€" sin riz, ***, L™1e"* sin 7123 


. (9.4) 


en, zer, see, qmelerez, 


Each of the functions in (9.4) is a solution of L(y) = 0 since, from (9.3), 
1 — 
x^e"** COS The = gt (e + etz), 
(9.5) 
: 1 -— 
pherk= sin T£ = ae (eo — gn). 


The solutions in (9.4) are all real-valued, and they are linearly independent. 
For suppose we have a linear combination of these functions equal to 
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zero. Let us denote the terms in this sum which involve 


z^e"* cos TkT, z^e"** sin 7.2 
by 


CX^e"** cos TKE + dater sin TkT, 


where c and d are constants. Using (9.5) we find that we have a linear com- 
bination of the functions (9.2) equal to zero, and the terms involving 
g^e**, 3^g will be 


ghe, 


— 4d 
(ED une + 


(c + id) 
2 


Since the functions (9.2) are linearly independent we must have all the 
coefficients in this sum equal to zero. In particular 


c+ id = 0, c— id = 6, 


from which it follows that c = 0, d = 0. Thus the solutions (9.4) are 
linearly independent. 

If ¢ is any real-valued solution of L(y) = 0, then ¢ is a linear combina- 
tion of the real solutions (9.4) with real coefficients. Indeed, if we denote 
the solutions in (9.4) by di, +++, dn, we have 

$ = Gapi cb Cahn 


for some constants o, «++, Cn. Since ¢, $1, ***, ¢, are all real-valued, we 
have 


= Im ¢ = (Im a)ói + +++ + (Im Cy) dn, 
and since dı, * * *, $« are linearly independent we must have 
Ime = Imc = «+> = Imc, =Q. 


This shows that a, «++, c, are all real numbers. 
We remark that if ¢ is a solution of L(y) = 0 which is such that 


p(t) = ar, d'(zxo) = o» -::, G(x) = an, (9.6) 


where ai, ***, o, are real constants, then ¢ is real-valued. One way to see 
this is to note that since 


L(9) = L(4) = 0, 


$ is also a solution, and hence so is 


y = (1/21) (6 — 9) = Im 9. 
But, from (9.6) we see that 


y Go) = 0, y (Zo) = 0, eee, y 7D (x9) = (). 
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The uniqueness theorem implies that (zx) = 0 for all z, or Im $ = 0, show- 
ing that $ is real-valued. 


We summarize in the following theorem. 


Theorem 19. Suppose the constants ài, +++, an in the equation 
L(y) = y -+ aye) + eee + any = 0 


are all real. There exists a set of n linearly independent real-valued solutions 
(9.4), and every real-valued solution is a linear combination of these with real 
coefficients. If a solution satisfies real initial conditions, tt is real-valued. 


The importance of Theorem 19 is that in many practical problems differ- 
ential equations are encountered with real coefficients, and the real solutions 
are the ones sought. For example, the equation 


yO +y=0 (9.7) 


arises in the study of the deflection of beams. The characteristic polynomial 
is given by 
p(r) =r + 1, 
and its roots are 
1 


l , 
v —(-1 — i). 


1 . . 1 . 
gu t9, (1 — 1), gc ita, z 


Thus every real solution $ of (9.7) has the form 
$(2) = eMCe cos (z/V2) + o sin (z/V2) ] 
+ e7! Les cos (z/V2) + c4 sin(z/v2) ], 


where ci, ***, c4 are real constants. 


EXERCISES 


1. Find all real-valued solutions of the following equations: 
(a) y’+y —0 (b) y’—y =0 
(c) / —y — 0 (d) y + 2y = 0 
(e) y® — 5y” + 4y = 0 


2. Find the solution ¢ of the initial-value problem 
y"-Fy-0, y(0 —0, 0) =1, y"(0) = 0. 


8. Determine all real-valued solutions of the equations: 
(a) y" — iy" + y'— iy —0 (b) y” — 24/—y — 0 
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4. Show that if there exists a non-trivial solution of the problem 

y™ + ag 7D + r++ + any = 0, (ais ***, an real), 

y^9(0 = y1), (k= 1, +++, n), 
then there exists a non-trivial real-valued solution. 
5. Consider the equation 
y^ — k'y = 0, 
where k is a real constant. 
(a) Show that cos kz, sin kx, cosh kz, sinh kx are solutions if k x 0. (Note: 


cosh u = (e* + €7*)/2, sinh u = (e* — e“)/2.) 
(b) Show that there are non-trivial solutions ¢ satisfying 


$(0) = 0, $'(0) = 0, (1) = 0, 9'(1) = 0, 


if and only if cos k cosh k = 1 and k x 0. 
(e) Compute all non-trivial solutions satisfying the conditions in (b). 
(d) For what values of k will there exist non-trivial solutions satisfying 


$9(0)-— 90) (j= 0, 1, 2, 3)? 
(e) Compute all non-trivial solutions satisfying the conditions in (d). 
6. Suppose the characteristic polynomial p of 
Lly) = y? + ay" + +++ + any = 0 


has a real root r with multiplicity m, and — is also a root of multiplicity m. 
Show that 


cosh rz, z cosh rz, *««, 2! cosh rz, 
sinh rz, x sinh rz, *::, zx" sinh rz 
are 2m linearly independent solutions which can be used to replace 
e, ze", ZEN gm ler? 


er, ze "7, eee amler? 


in a set of n linearly independent solutions of L(y) = 0. 


10. The non-homogeneous equation of order n 


Let b be a continuous function on an interval J, and consider the equa- 
tion 
L(y) = y? + ay" + ay +-+- + any = (2), 


where a, às, * **, dn are constants. If y, is a particular solution of L(y) = 
b(x), and y is any other solution, then 


L(y — op) = L(y) — Lis) =b- b — 0. 


Sec. 10 Linear Equations with Constant Coefficients 85 


Thus y — y, is a solution of the homogeneous equation L(y) = 0, and 
this implies that any solution y of L(y) = b(z) can be written in the form 


V = Yp + igi + Cope + t8 + Cndn, 


where Yp is a particular solution of L(y) = b(z), the functions ¢1, s, °°°, 
gn are n linearly independent solutions of L(y) = 0, and c, *-*, c, are 
constants. 

To find a particular solution Yy, we proceed just as in the case n = 2, 
that is, we use the variation of constants method. We try to find n functions 
V, ***, Un SO that 


Vp = ubi + eee + Undn 


is a solution. Taking our cue from Sec. 6 we see that if 


uidi + ++ + Uda = 0, 


then 

Yp = Udi + +++ + Unda, 
and if 

Udi + s+ + tad, = O, 
we have 


"EP 
Thus, if «uj, +++, u, satisfy 
upi tee + dn =0 
upi + t + Ud, = 0 
(10.1) 


wpd + oe H up = 0 
ujp(^7» + eee fuga) = b 


we see that 
V» = Udi + tt + Undn 
V, = tdi + +++ + uad, 
e (10.2) 


Vien» = uyp(n7D + one + usd 7D 


V? = wd}? + eee + Und” + b. 
Hence 
L(j,) = wL($1) + *** + unl (gn) +b = b, 
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and indeed y, is a solution of L(y) = b(z). The whole problem is now re- 
duced to solving the linear system (10.1) for w, ***, u,. The determinant 
of the coefficients is just W ($i, ***, $n), which is never zero when qu, ***, 
$n are linearly independent solutions of L(y) = 0. Therefore there are 
unique functions uj, +--+, u; satisfying (10.1). It is an easy exercise to see 
that solutions are given by 


W.i(z)b(z) 
W (41, mr gn) (x) 


where W, is the determinant obtained from W(¢i, «++, dn) by replacing 
the k-th column (that is, dr, pp, ***, ó(77?) by 0, 0, ---,0, 1. 
If zy is any point in J, we may take for u, the function given by 


= W.,()b(t) 
ux - fA d k= 1, łe, n). 

a( 29 W ($1, ttt, dn) (t) ( ) 
The particular solution y, now takes the form 


W,(t)b(t) 
Wh, «+, én) 2 (10.3) 


u(t) = (k =1,++-,n), 


5G) = È ala) f 


Theorem 20. Let b be continuous on an interval I, and let $i, ***, $n 
be n linearly independent solutions of L(y) = 0 on I. Every solution y of 
L(y) = b(x) can be written as 


Y = vp + 661 + tt + Cahn, 


where Yp is a particular solution of L(y) = b(x), and cı, **-, c, are con- 
stants. Every such y isa solution of L(y) = b(x). A particular solution v, is 
given by (10.3). 

It is left as an exercise for the student to show that the particular 
solution y, given by (10.3) satisfies 


Vo(x) = V (a) = ++. = YE (a) = 0. (10.4) 
As an example let us compute the solution y of 
y"' -+ y" + y + y = 1 (10.5) 
which satisfies 
(0 =0, ¥(0)=1, Jy"(0)-0. (10.6) 
'The homogeneous equation is 
y" +y” +y t y - 0, (10.7) 


and the characteristic polynomial corresponding to it is 
pir) =A+r+r+1. 
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The roots of p are ?, —£, and —1. Since we are interested in a solution 
satisfying real initial conditions we take for independent solutions of (10.7) 


(x) = coss, (z) —sinz, —d(z) = e. 


To obtain a particular solution of (10.5) of the form wd + we + vada 
we must solve the following equations for uj, Uz, us: 


upi + Ugha + usps = 0 
Upi + 4s + Usps = 0 
ugi + Uh, + rads’ = 1, 
which in this case reduce to 
(cos x) uy + (sin z)u; + e*u; = 0 
(— sin z)u; + (cos z)uj — eu; = 0 (10.8) 
(— cos z)u, — (sin z)u; + eu = 1. 
The determinant of the coefficients is 


cos g% sin z e? 
W (di, ds, 63) (£) =| —sin x cosg —e-7* 
—cosz -—sinz e~ 
Using (8.7) we have 
W (¢1, ds, os) (z) = eW (du, ds, ds) (0), 


since a4 = 1 in this case. Now 
1 0 1 


W (di, $2, $3) (0) =| 0 1 —1|22, 


—1 0 1 
and thus 
W (qi, $2, $3) (x) = 2e, 


Solving (10.8) for w we find that 


0 sin g e 
w(rz)-—1ie|0 cosx —e*|= — l(cosrz--sinz). (10.9) 


Bi —sinz e~” 


88 Linear Equations with Constant Coefficients Chap. 2 


Similarly we obtain 
u,(x) = 4 (cos z — sin z), (10.10) 


us(z) = 3e. (10.11) 
Integrating (10.9)-(10.11), we obtain as choices for ui, we, us: 

w(x) = $(cos x — sin z), 

w(x) = $(sinz + cos z), 

wulg) = ie. 
Therefore a particular solution of (10.5) is given by 


u(x) gi(x) + u(x) bo(x) + us(x) G(x) 


3 (cos x — sinz) cos x + }(sin x + cos x) sin x + jee” 
= 1, 


(Note: There are simpler ways of discovering such a particular solution; 
see Sec. 11. We are interested in illustrating the general method here.) 
The most general solution y of (10.5) is of the form 


V(z) = 1 + c cosg + csin z + ce, 


where c1, c2, c are constants. We must choose these constants so that the 
conditions (10.6) are valid. This leads to the following equations for 
Ci, C2, C3: 


a+e = —1, €; — 0; = 1, € — cs = 0, 
which have the unique solution 
a=}, G@=% C= —}. 
Therefore the solution of our problem is given by 
V(z) = 1 + 4(sin z — cos z — e°). 


The solution corresponding to that given in (10.3), with xo = 0, is 
easily seen to be 


p(x) = 1 —á(cosz + sin z + e), 
and this satisfies 


Y»(0) =0, ¥,(0) =0, (0 =0. 
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EXERCISES 


1. Find all solutions of the following equations: 
(a) y" — y’ =r 
(b) y" — 8y = e* 
(c) y® + 16y = cos x 
(d) y9 — 4y® + 6j" — 4' + y = e 
(e) y? — y = cos x 
( y" — 2iy—y = e* — 2e * 
2. Let 
Lly) = y™ + ary? + oes + aay, 


and let p be the characteristic polynomial 
P(r) = r^ + ag" + 4 an- 


(a) If A and a are constants, and p(a) + 0, show that there is a solution of 
L(y) = Ae** of the form Be*?, where B is a constant. What is B? 

(b) Compute a solution of L() = Ae? in case ois a simple root of p (that 
is, a root of multiplicity one). (Hint: If B and r are any constants show that 


BL(xze*) = B[p'(r) + zp(r)e". 


Let r = a.) 
(c) Compute a solution of L(y) = Ae in case a is a root of p of multi- 
plicity k. 


8. Prove that the solution V, given by (10.3) satisfies the initial conditions 
(10.4). (Hint: Use (10.2).) 
4. Let g(x, t) be defined by 
prls) Welt) 
TO Wwe ' 
where W(t) = Wi, ***, $4)(t) is the Wronskian of n linearly independent 


solutions of L(y) = 0. For any continuous function b on any interval J con- 
taining zo, let G(b) be the function given by 


g(a, t) = 


GON) = | gle, DOO à. 


Thus G(b) is just the Y, of (10.3), and hence L(G(b)) = b. 
(a) Show that g, as a function of x for each fixed t, is a solution of L(y) = 0 
which satisfies 


og 09 0" 9 

LO = — = sae t ti) = 0, 

g(t, ) 0, 34 t) 0, ? Ox A ) dz"! 

(Note: This shows that g(x, t) is independent of the functions on eea, on 

used to define it.) (Hint: The functions u, = W/W, k = 1, «++, n, satisfy 
(10.1) with b(z) = 1 for all z in J.) 


20,0) = 1. 
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(b) Prove that g(x, ¢) = g(x — t, 0). Thus g is a function of z — t alone, 
and if h(x) = g(x, 0), g(x, t) = h(x — t). (Hint: Let for fixed t, ġ:(2) = g(z, t), 
vi(z) = g(a — t, 0) = do(z — t). Prove that L($:) = LW) = 0, and that 
ot, V: satisfy the same initial conditions at x = t.) 

(c) Show that g(x, t) = sin (x — t) for the case y^" + y = 0. 

(d) Compute A(x) for the case 


L(y) = y" + 2ky' + wy, 
where k and w are positive constants. 


5. The formula (10.3) for a particular solution y, of L(y) — b(x) makes sense 
for some discontinuous functions b. Then y will be a solution of L(y) = b(x) 
at the continuity points of b. Find a continuously differentiable solution of the 
equation y" + y = bla), 
where 

blz) = —1, (—r s$2< 0), 


=1, (0s Sn), 
= 0, (Ix| > v). 


6. Consider the equation L(y) = b(x), where b is continuous on an interval I. 
If ai, ***, æn are any n constants, and zo is a point in J, show that there is 
exactly one solution y of L(y) = b(x) on I satisfying 


W(xo) = oi, Y(T) = ae, oe, O7 (xg) = an. 


(Hint: Let $ be the solution of L(y) = 0 satisfying the same initial conditions. 
Let V = $ + Yp, where Y, is given by (10.3). Show that y is unique.) 


7. Consider the equation 


y + aye) + +++ + any = B(a), 


where a4, ***, a, are real constants and b is a real-valued continuous function 
on some interval J. Show that any solution which satisfies real initial conditions 
is real-valued. 


11. A special method for solving the non-homogeneous equation 


Although the variation of constants method yields ~ solution of the 
non-homogeneous equation it sometimes requires more labor than necessary. 
We now give & method, which is often faster, of solving the non-homogene- 
ous equation L(y) = b(z) when b is a solution of some homogeneous equa- 
tion M(y) = 0 with constant coefficients. Thus b(x) must be a sum of terms 
of the type P(z)e*, where P is a polynomial and a is a constant. 

Suppose L and M have constant coefficients, and have orders n and m 
respectively. If y is a solution of L(y) = b(z), and M(b) = 0, then 
clearly 

M(L(y)) = M(b) = 0. 
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This shows that y is a solution of a homogeneous equation M(L (y)) =0 
with constant coefficients of order m + n. Thus y can be written as a linear 
combination with constant coefficients of m + n linearly independent 
solutions of M(L (y)) = 0. Not every linear combination will be a solution 
of L(y) = b(x) however. Thus, to find out what conditions must be satis- 
fied by the constants, we substitute back into L(y) = b(z). This always 
leads to & determination of a set of coefficients; see Sec. 12, Theorem 22, for 
& justification. 

We give an example to show the usefulness of this method. Suppose 
we consider 


L(y) = y" — By! + 2y = x. 


Since z? is a solution of M (y) = y'" = 0, we see that every solution y of 
L(y) = 2? is a solution of 


M(L (y)) = y® — By + 2y® = 0. 


The characteristic polynomial of this equation is r°(r? — 3r + 2), just the 
product of the characteristic polynomials for L and M. The roots are 0, 0, 
0, 1, 2, and hence y must have the form 


V(x) = Co + eit + com? + ese? + cue. 


We notice immediately that cse? + c4e is just a solution of L(y) = 0. Since 
we are interested only in a particular solution y, of L(y) = z?, we can as- 
sume y; has the form 


V(x) = Co + eit + or. 


The problem is to determine the constants co, c:, €; so that L(y,) = 2%. 
Computing we find 


Vee) = a-F2ez, pp (2) = 20, 


and 
L(y,) = (202 — 36: + 26) + (—66 + 2e) + 2627 = z. 
Thus 
2c =1, or & =}, and -—6e + 2c, = 0, 
Or 
€; — $, and 2a — 3c, + 26 = 0, 
or 
RE 
Therefore 


V»(x) = 2(7 + 6x + 223) 
is a particular solution of L(y) = æ. 
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We call this method the annihilator method, since to solve L(y) = b(z), 
we find an M which makes M (b) = 0, that is, annihilates b. Once M has 
been found the problem becomes algebraic in nature, no integrations being 
necessary. Actually, as we have seen from the example, all we require is the 
characteristic polynomial g of M. The following is a table of some functions 
together with characteristic polynomials of annihilators. In this table a is 
constant, and k is a non-negative integer. 


Characteristic Polynomial of an 


Function Annihilator 
(a) e" r—a 
(b) z*e- (r — a)*H 
(c) sinaz,cosax (areal) 7 -+ ao? 
(d) z*sinaz,z*cosazx (areal) (r? -+ a?) et 


The validity of this table is a consequence of Theorem 11. 
Let us consider another example of the annihilator method. Consider 
the equation 


L(y) = Ae”, (11.1) 
where L has characteristic polynomial p, and A, a are constants. We as- 
sume that a is not a root of p. The operator M given by M(y) = y' — ay, 
with characteristic polynomial r — a, annihilates Ae**. The characteristic 


polynomial of M L is (r — a)p(r), and a is a simple root (multiplicity 1) 
of this. Thus any solution y of (11.1) has the form 


y = Be" + $, 
where L(¢) = 0, and B is a constant. Placing y back into (11.1) we obtain 
L(y) = BL(e*) + L(¢) = Bp(a)e* = Ae. 


Since p(a) Æ 0 we see that B = A/p(a). Therefore we have shown that, 
if a is not a root of the characteristic polynomial of L, there is a solution 
y of (11.1) of the form 


Á 
v(x) = —— e. 
» = a2) 
The example 
y" +y” ^y +y = 1 


considered in Sec. 10 illustrates this situation. The right side is of the form 
Ae" with A = 1, a = 0. The characteristic polynomial is p(r) = r? + 
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72? +r +1, with roots 7, —7, —1. Therefore a solution of this equation is 
given by 


y(z) = e = 1, 


p(0) 
a result which we found with considerably more effort using the variation 
of constants method. 

Lest the reader feel, after this example, that the variation of constants 
method is of little importance, we stress that the annihilator method de- 
pends very much on the fact that b is a solution of a homogeneous equation 
with constant coefficients. If b(x) = tan z, for example, the method does 
not work, and we must use something like the variation of constants 
method. Moreover, as we shall see in Chap. 3, the variation of constants 
method is valid for linear equations with variable coefficients. 


EXERCISES 


1. Using the annihilator method find a particular solution of each of the 
following equations: 

(a) y" + 4y = cosz 

(b) y" + 4y = sin 2g 

(c) y" — dy = 3e" + 4e77 

(d) y” — y’ — 2y = a? + eos x 

(e) y” + 9y = ae 

(f) y" + y = ze cos 2x 

(g) y” + iy’ + 2y = 2 cosh 2x + e™ (Note: cosh u = (e + e™)/2.) 

(h) y” = 22+ e sin x 

(i) y” -+ 3y” -+ 3y' + y = qe 


2. Let L be a constant coefficient operator, and suppose y/, is a solution of 
L(y) = bx) k=1, :,m, 


where the b, are continuous functions on some interval 7. Show that y = y + 
«++ + ^, is a solution of 


L(y) = b(z), b= b+ e.. -+ bm- 


3. Suppose b = b; + +++ + bm, where b, is annihilated by the constant 
coefficient operator M,. Show that b is annihilated by M = Mı Mə *** Mm. 


4. Consider the constant coefficient operator L with characteristic polynomial 
p. Consider the equation L(y) = e°", where a is a constant. If a is a root of p 
with multiplicity k, show by the annihilator method that a solution is given by 


gkenz 


Vx) = NOE 
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5. (a) If cosh u = (e* + € *)/2 and sinh u = (e* — ¢“)/2, show that if a is 
a real constant cosh az and sinh az satisfy y” — a?y = 0. 
(b) Show that the constant coefficient operator M with characteristic 
polynomial g(r) = (r? — a?)*" annihilates both z* sinh az and x* cosh az. 


12. Algebra of constant coefficient operators 


In order to justify the annihilator method we study the algebra of 
constant coefficient operators a little more carefully. For the type of equa- 
tion we have in mind 


ayy” + ayy”? + s.. + any = b(z), 


where ao ~ 0, ai, +++, a, are constants, and b is a sum of products of poly- 
nomials and exponentials, every solution y has all derivatives on — œ < 
x < o. This follows from the fact that y has n derivatives there, and 


b 


yon = =— — an 


yo-» — eee — y, 
Qo 
where b has all derivatives on — o < z < œ. 

All the operators we now define will be assumed to be defined on the set 
of all functions $ on — œ <x < © which have all derivatives there. Let 
L and M denote the operators given by 


L($) = arg + arp) + +++ + dng, 
M(¢) = bop + b, 9079 + eee + Bnd, 
where do, di, ***, Gn, Do, bi, ***, Om are constants, with a ~0, bo x 0. 


It will be convenient in what follows to consider ao, bo which are not neces- 
sarily 1. The characteristic polynomials of L and M are thus 


p(r) = ao” + ar"! + *** + ay, 
and 
alr) = by" + br"? + +++ + bm, 
respectively. 
We define the sum L + M to be the operator given by 


(L + M)(¢) = L(¢) + M(9), 
and the product M L to be the operator given by 


(ML)(à) = M(L(9)). 
If a is a constant we define aL by 
(aL) ($) = a(L(¢)). 
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We note that L + M, ML and aL are all linear differential operators with 
constant coefficients. 
Two operators L and M are said to be equal if 


L(¢) = M(¢) 


for all ¢ which have an infinite number of derivatives on — o « z < o. 
Suppose L,M have characteristic polynomials p,q respectively. Since 
e7, for any constant r, has an infinite number of derivatives on — © < 
x < c, we see that if L = M then 


L(e*) = p(r)e* = M(e*) = ae", 


and hence p(r) = g(r) for all r. This implies that m = n, and a, = br, 
k — 0,1, ***,n. Thus L = M if and only if L and M have the same order 
and the same coefficients, or, what is the same, if and only if p = q. 

If D is the differentiation operator 


D($) = 9, 
we define D? = DD, and successively 
D* = DD, (k = 2,3, +++). 


For completeness we define D? by D°(¢) = ¢, but do not usually write it 
explicitly. If a is a constant we understand by a operating on a function ¢ 
just multiplication by a. Thus 


a(¢) = (aD?)(9) = a. 
Now, using our definitions, it is clear that 


L= QD" + aD”! eee + Qn, 
and 
M = bD” + b,D™—! + --- + bm. 


Theorem 21. The correspondence which associates with each 
L = aD" + aD! + ee t an 
tis characteristic polynomial p given by 
p(r) = a” + as? + +++ + an 


is a ane-to-one correspondence between all linear differential operators with 
constant coeficients and all polynomials. If L, M are associated with p, q 
respectively, then L + M is associated with p +q, ML ts associated with 
pa, and aL ts associated with ap (a a constant). 
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Proof. We have already seen that the correspondence is one-to-one since 
L = M if and only if p = q. The remainder of the theorem can be shown 
directly, or by noting that 


(L + M)(e*) =L(e) + M(e*) = [p(r) + g(r) Je", 
(ML) (e™) = M(L(e)) = M(p(r)e*) = p(r)M (e7) = p(r)a(r)es, 
(aL) (e7) = e(L(e*)) = ap(r)e*. 


This result implies that the algebraic properties of the constant coeffi- 
cient operators are the same as those of the polynomials. For example, since 
LM and M L both have the characteristic polynomial pg, we have LM — 
M L.* If the roots of p aren, *-*, Ta, then 


p(r) = a(r — n) +++ (r— Ta), 
and since the operator 
ay (D — n) +++ (D — ra) 
has p as characteristic polynomial, we must have 
L-a(D-—n)::-(D-—n). 


This gives a factorization of L into a product of constant coefficient opera- 
tors of the first order. 
We apply Theorem 21 to give a justification of the annihilator method. 


Theorem 22. Consider the equation with constant coefficients 
L(y) = P(x)e, (12.1) 
where P is the polynomial given by 
P(x) = ba" + bir” + -ee + bm, (bo = 0). (12.2) 


Suppose a ts a root of the characteristic polynomial p of L of multiplicity j. 
Then there is a unique solution y of (12.1) of the form 


V(z) = za" + aat + +++ + Onder, 
where Co, 1, * * *, Cm are constants determined by the annihilator method. 


* We remark that if L and M are not constant coefficient operators, then it may not 
be true that LM = ML. For example, 


if L(¢)(z) = ¢'(z), M($)x) = zé(z) then (LM — ML)($)(z) = ¢(2). 
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Proof. 'The proof makes use of the formula 
k(k — 1) ,, 


Lise) = [pie + kot (nad + EL nae 
fee + kpd (rje + p (r) e (12.3) 


which we proved in Sec. 7. The coefficient of p? (r)z*^! in the bracket is the 


binomial coefficient 
(‘) _ kl 
yo (k— DW 


L(zx*e) = | È (oo eee, 


where we understand 0! = 1. 
Àn annihilator of the right side of (12.1) is 


Thus we may write 


M -—(D-—a)yu 
with characteristic polynomial given by 
g(r) = (r — ayn, 


Since a is a root of p with multiplicity j, it is a root of pg with multiplicity 
j +m + 1. Thus solutions of ML(y) = 0 are of the form 


W(x) = (ei^ + exit + eee + Cymer + $(z), 


where L(¢) = 0, and $ involves exponentials of the form e", with s a root 
of p, s = a. Since a is a root of p with multiplicity j, we have that 


(C177 + Cn 425772 -+ eee -+ Cm+j) €? 


is also a solution of L(y) = 0. Consequently we see that there is a solution 
y of (12.1) having the form 


v(x) = rilor” + em + +++ + Cm)e” (12.4) 


where Co, C1, °**, Cm are constants. 
We now show that these constants are uniquely determined by the 
requirement that y satisfy (12.1). Substituting (12.4) into L we obtain 


L(y) = eL(zi*"e**) + o L(zi*me2) + eee + csL(ze7). (12.5) 
The terms in this sum can be computed using (12.3). We note that 
p(a) = p'(a) = +++ = p (a) =0, = pp (a) #0, 
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since a is a root of p with multiplicity 7. Thus, if k = j, 


nee [e en (eme 


-+- ove -+ pi (a) [ees 
We then have 


Lermen) = |(7 $ ™\po(ayen + (2 rooms 
+e piim le 


L(g mg) = [d Man po (ajam coe -+ piven (a) fs 


L(x) = (Poe: = p)(a) em, 


Using these computations in (12.5), and noting (12.2), we see that y satis- 
fies (12.1) if and only if 


zu M pou) = b, 


. . — 1 
a(t +m pte) n a? Má : )p(a) = b, 


cop (ttm) (a) -++ apo) (a) + eee + Emp? (a) = bm- 


This is a set of m + 1 linear equations for the constants c, G1, * **, Cm. 
They have a unique solution, which can be obtained by solving the equa- 
tions in succession since p? (a) = 0. Alternately, we see that the deter- 
minant of the coefficients is just 


( + "y? +m i ) --« pP (a) H = 0. 


m m — 


This completes the proof of Theorem 22. 
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'The justification of the annihilator method when the right side of 
L(y) = b(z) 


is à sum of terms of the form P(z)e** can be reduced to Theorem 22, by 
noting that if yı, y» satisfy 


Lin) =b, L(p2) = by 
respectively, then yı + y satisfies 
L(Ja + 2) = bi b. 


EXERCISES 


1. (a) Show that if f, g are two functions with k derivatives then 


k 
D*(fg) = Do (ono, 
lm0 


(‘) EA 
Jj (k Dul 


(b) Show that if g has k derivatives, and r is a constant, 
Dig) = (D+ n*(. 


2. Let L be a linear differential operator with constant coefficients with 
characteristic polynomial p(r) = (r — g)*, that is L = (D — a)*. Using the 
result of Ex. 1 (b) show that any solution ¢ of L(y) = 0 has the form 

p(z) = P(x), 


where P is a polynomial such that deg P £ k — 1. Also show that any such ¢ 
is a solution of L(y) = 0. 


where 


3. Let b be a continuous function on an interval J, and let zo be a fixed point 
in I. Show that the ¢ given by 


_ oz [F Ga M. 
o(x) = e f (k— Dr b(t) dt 
satisfies 
(D — a)*($) = b, 
and 


plz) = $'(m) = +e. = $*-D(zy) = 0. 
Here a is a constant. (Hint: From Ex. 1 (b), 
(D — aY($) = e*D*(e*$). 
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To differentiate a function F of the form 
A(z) 
Fe) =| fea, 
a(z) 
where œ, B, f are “nice” functions, use the formula 
B) 9 f 
Pe) = ft, BBE — fts opo f ED a 


A proof of this formula for appropriate a, 6, f may be found in most texts on 
advanced calculus.) 


4. Let b be a continuous function on some interval J, and let xo be a fixed point 
in I. Define (D — a)-*(b) to be the function ¢ given in Ex. 3, that is 


z —1 k=l 
D- aoa) = e f ESI à 


for x in I. Thus (D — a)-* is an operator which is defined for continuous func- 
tions b on I. Show that 

(D — ay (D — a)-*(b)] = b, (*) 
and 

(D — a)*{(D — a)*@)] = ¢, (e 


for any continuous b on I, and function $ on I which has & continuous deriva- 
tives there, and satisfies 


p(z) = $'(z)) = *** = $7 D (zy) = 0. 
(Hint: The relation (*) follows from Ex. 3. For (**) let 
b = (D — af($), and y = (D— ay*b. 
Then from (*) (D — a)*(y) = (D — a)*($). Thus (D — a —4$) = 0. 
Show that y = ¢.) (Note: Let € denote the set of all continuous functions on J, 


and let G* denote the set of all functions $ on J which have k continuous deriva- 
tives there and satisfy 


(zo) = $'(zo) = *** = $07 (my) = 0. 


Then (D — a)* takes each ¢ in G* into a function in €, and (D — a)^* takes 
each b in € into a function in C*. The relations (*) and (**) show that (D — a)~* 
is both a right and a left reciprocal of (D — a)*, and therefore the corre- 
spondence between G* and © given by (D — a)* is one-to-one.) 
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5. (a) Let p be a polynomial with leading coefficient one with n distinct roots 
01, **5, r4. Show that 


i 1 1 1 1 
Pir) wp'r)r—m p'(rs) r — Th 


if r is not any of the roots of p. This is the partial fraction decomposition of 


1/p. 
(b) Let p be as in part (a), and let 


L = (D — r)y(D- 12) «++ (D — Ta). 


If b is a continuous function on an interval J, show that a solution $ of 


L(y) = b 
is given by 
n 1 
o= —— (D — ry) *(b), 
ki P'(rk) 


where (D — r)! is defined as in Ex. 4. 


6. For any polynomial p with leading coefficient one, let ri, ***, 7, be the 
distinct roots, with rą having multiplicity m,. Then 

p(r) = (r — Ti) (r — ra)" ese (r — n)" 
and there is a partial fraction decomposition 


1 a mk Ck i 


pr) Em r—ny 
where the c,; are certain constants. Let 
L = (D — rı) (D — T2) eee (D — Ta)”, 


and let b be a continuous function on an interval J. Corresponding to the 
partial fraction decomposition for 1/p show that a solution of L(y) = b is 
given by 


a mk 
$ = 25220 — n)7*(. 
kal jl 
7. Let Li, Le be two constant coefficient differential operators with char- 
acteristic polynomials pi, p» respectively. Assume that pi and pz have no 
common roots. Let L be the operator with characteristic polynomial p = pipo, 
that is L = Lila. Prove that every solution $ of L(y) = 0 can be written 
uniquely as a sum 


$ = di + $5 
where Li(j1))— 0, Lo($2) = 0. 


CHAPTER 3 


Linear Equations with 
Variable Coefficients 


1. Introduction 


A linear differential equation of order n with variable coefficients is an 
equation of the form 


as(z) y? + a (z)y7D + --- + an(x)y = b(z), 


where Qo, a1, ***, An, b are complex-valued functions on some real interval 
I. Points where ao(x) = 0 are called singular points, and often the equation 
requires special consideration at such points. Therefore in this chapter we 
assume that as(x) = 0 on I. By dividing by ao we can obtain an equation of 
the same form, but with a replaced by the constant 1. Thus we consider the 
equation 


y™ + a (z)y7D + --- + an(x)y = b(z). (1.1) 


As in the case when ai, **-, a, are constants we designate the left side of 
(1.1) by L(y). Thus 


L(y) = y? + ai(z)y* 7 + +++ + an(x)y, (1.2) 


and (1.1) becomes simply L(y) = b(z). If b(z) = 0 for all z on I we say 
L(y) = Qis a homogeneous equation, whereas if b(z) = 0 for some z in I, 
the equation L(y) = b(z) is called a non-homogeneous equation. 

We give a meaning to L itself as an operator which takes each function 
¢, which has n derivatives on J, into the function L($) on J whose value 
at x is given by 


L(g) (a) = 4$ (z) + a(z) 67 (x) + ++ + a(2)6(z). 


Thus a solution of (1.1) on Z is a function ¢ on Z which has n derivatives 
there, and which satisfies L(¢) = b. 
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In this chapter we assume that the complex-valued functions 
01, ***, Gn, b are continuous on some real interval J, and L(y) will always 
denote the expression (1.2). 

Most of the results we developed in Chap. 2 for the case when di, «++, an 
are constants continue to be valid in the more general case we are now 
considering. Sections 2, 3, 4, and 6 of this chapter are devoted to showing 
this, and can thus be considered as a review. The major difficulty with 
linear equations with variable coefficients, from a practical point of view, is 
that it is rare that we can solve the equations in terms of elementary func- 
tions, such as the exponential and trigonometric functions. Thus there is 
no analogue of the rather powerful Theorem 11 of Chap. 2. However, in 
case Qi ***, Gn, b have convergent power series expansions the solutions 
will have this property also, and these series solutions can be obtained by & 
simple formal process. 


2. Initial value problems for the homogeneous equation 


Although in many cases it is not possible to express a solution of (1.1) 
in terms of elementary functions, it can be proved that solutions always 
exist. In fact we assume for now the following result, which includes 
Theorem 16 of Chap. 2 as a special case. A proof is given in Chap. 
6, Theorem 8. 


Theorem 1. (Existence Theorem) Let a1, ** *, &n be continuous functions 
on an interval I containing the point xo. If o1, «++, o4 are any n constants, 
there exists a solution ¢ of 


Ly) = y? + ar(z)yoY + +++ + an(z)y = 0 
on I satisfying 
$ (zo) = 1, $' (29) = 03 **'*; Q 07D (x0) = Qne 


We stress two things about this theorem: (i) the solution exists on the 
entire interval I where ai, ** +, a, are continuous, and (ii) every initial value 
problem has a solution. Neither of these results may be true if the coefficient 
of y™ vanishes somewhere in 7. For example, consider the equation 


zy’ d y =0, 


whose coefficients are continuous for all real x. This equation and the initial 
condition y(1) = 1 has the solution $1, where 


1 
(z) = z 
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But this solution exists only for 0 < z < œ. Also, if ¢ is any solution, then 
x(x) = €, 


where c is some constant. Thus only the trivial solution (c = 0) exists at the 
origin, which implies that the only initial value problem 


zy’ +y=0, y(0) =a, 


which has a solution is the one for which o; = 0. 

Just as in the case where the coefficients a; (J = L, *--,n) are con- 
stants, the uniqueness of the solution $ given in Theorem 1 is demon- 
strated with the aid of an estimate for 


Ilola) l| = ELe( I? -19' (2) | * + eee + | p (2) | 2. 


Theorem 2. Let bi, ***, ba be non-negative constants such that for all x 
in I 
| a;(2) | S b; (j=1,+++,n), 
and define k by 
k=1 +b t'e +b. 


If xo i$ a point in I, and ¢$ is a solution of L(y) = Oon I, then 

|| (xo) || eo! x || eo) || S |] exo) || e (2.1) 
for all x in I. 

Proof. Since L($) = 0 we have 

$9 (z) = —a(z)é*-9(z) — +++ — a(z)é(2), 

&nd therefore 
| (x) | < [am(2)| | "79 (z)] + ++- + | an(x)] | (x)| 
< bi| 907» (z)| +--+ + 5.|o(2)]. 


The proof of Theorem 13, Chap. 2, now applies if we substitute b; every- 
where in place of | a; |. 

We remark that if I is a closed bounded interval, that is, of the form 
a $ z € b with a,b real, and if the a; are continuous on 7, then there 
always exist finite constants b; such that | a;(x) | S b; on I. 


Theorem 3. (Uniqueness Theorem) Let x, be in I, and let œi, ***, an be 
any n constants. There is at most one solution $ of L(y) = 0 on I satisfying 


(20) = 04, $' (zo) = Q} **'*, gr) (xo) = On. (2.2) 
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Proof. Let $, y be two solutions of L(y) = 0 on I satisfying the condi- 
tions (2.2) at zo and consider x = ¢ — y. We wish to prove x(x) 20 
for all z on J. Even though the functions a; are continuous on J they need 
not be bounded there.* Therefore we can not apply Theorem 2 directly. 
However, let x be any point on J other than zo, and let J be any closed 
bounded interval in I which contains zo and zx. On this interval the func- 
tions a; are bounded, that is, 


| a;(2) | S b; G =1, +>, n), 


on J for some constants b;, which may depend on J. Now we apply Theorem 
2 to x defined on J. We have L(x) = 0 on J, and || x(z») || = 0. There- 
fore (2.1) implies that || x(x) || = 0, and hence ¢(x) = V (x). Since z was 
chosen to be any point in J other than zo, we have proved $(z) = (zx) 
for all x on I. 


3. Solutions of the homogeneous equation 


If $1, *--*, dm are any m solutions of the n-th order equation L(y) = 0 
on an interval J, and c, +++, Cm are any m constants, then 


L(erdr + *** F Cmdm) = Li (dr) + *** + CmL (dm), 


which implies that c1$1 + * * - Cndm is also a solution. In words, any linear 
combination of solutions is again a solution. The trivial solution is the func- 
tion which is identically zero on I. 

As in the case of an L with constant coefficients, every solution of 
L(y) = 0 is a linear combination of any n linearly independent solutions. 
Recall that n functions $i, ***, ¢, defined on an interval J are said to be 
linearly independent if the only constants ci, +++, c, such that 


Cipi(z) + +++ + Capa) 20 
for all x in J are the constants 
C = = eee = Qan = 0. 


Using Theorem 1 we construct n linearly independent solutions, and show 
that every solution is a linear combination of these. In Sec. 4 we show that 
every solution is a linear combination of any n linearly independent solu- 
tions. 


Theorem 4. There exist n linearly independent solutions of L(y) = 0 
on I, 


* For example, ai(z) = z is not bounded on 0 S z < ©; and a(z) = 1/z is not 
bounded on 0 < z S 1. 
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Proof. Let x be a point in I. According to Theorem 1 there is a solution 
$4: of L(y) = 0 satisfying 
éi(m) = l, p(z) —0, +++, P(t) = 0. 
In general for each 4 = 1,2, +- +, n there is a solution $; satisfying 
pD (z) = 1, ef?(«-20, Fi. (3.1) 


The solutions ¢1, +--+, ¢, are linearly independent on J, for suppose there are 
constants ci €» ***, €, such that 


Gx(x) + capax) + ++ oz) =0 (3.2) 
for all x in J. Differentiating we see that 
Crp: (£) + es (x) + ++ + Crd, (x) = 0 
cr; (2) +. Caps’ (x) + +++ + Cap, (2) = 0 
: (3.3) 
Cadi (x) + edi (2) + -ee + oed (2) = 0 


for all x in I. In particular, the equations (3.2), (3.3) must hold at zo. 
Putting z = 2 in (3.2) we find, using (3.1), thata 1 +0+ --- +0 =0, 
or c; = 0. Putting z = zin the equations (3.3) we obtain c; = e; = «++ = 
Cn = 0, and thus the solutions ¢:, +++, $n are linearly independent. 


Theorem 5. Let $i, +++, $4 be then solutions of L(y) = 0 on I satisfying 
(3.1). If ¢ is any solution of L(y) = 0 on I, there are n constants cs, * ^ *, Ca 
such that 


$ = api + 22+ + Cnn. 
Proof. Let 
P(T) = e d'(m) = an, 22+, GY (29) = an, 
and consider the function 
V = exhi + onde + t + anda. 
It is a solution of L(y) = 0, and clearly 


¥ (20) = eudi(zo) + a(t) + *** + Anda(to) = a, 
since 
Qı (zo) = l, $2 (20) = 0, eee, dn(2o) = 0. 


Using the other relations in (3.1) we see that 


V(xo) =o, (xo) = og, cor, YOP (20) = an. 
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Thus y is a solution of L(y) = 0 having the same initial conditions at zo 
as ¢. By Theorem 3, we must have ¢ = y, that is 


$ = ei + az + oe? + Onda 
We have proved the theorem with the constants 


C1 = O3, C = a, ere, Cn = Gn. 


A set of functions which has the property that, if ¢:, ¢2 belong to the 
set, and c1, c; are any two constants, then cid: + cade belongs to the set also, 
is called a linear space of functions. We have just seen that the set of all 
solutions of L(y) = 0 on an interval J is a linear space of functions. If a 
linear space of functions contains n functions $i, **-, $4 which are linearly 
independent and such that every function in the space can be represented 
as a linear combination of these, then $i, *-*, n'is called a basis for the 
linear space*, and the dimension of the linear space is the integer n. The 
content of Theorem 5 is that the functions $i, «++, $n satisfying the initial 
conditions (3.1) form a basis for the solutions of L(y) = 0 on J, and this 
linear space of functions has dimension n. 


EXERCISES 
1. Consider the equation 
" 1 / 1 =0 
yu — 


for z > 0. 
(a) Show that there is a solution of the form x’, where r is a constant. 
(b) Find two linearly independent solutions for z > 0, and prove that they 
are linearly independent. 
(c) Find the two solutions ¢1, $2 satisfying 


$1) 21, pa(1) 

$10) 20, ex) 

2. Find two linearly independent solutions of the equation 
(82 — 1)y” + (9x — 3)y’ — 9y =0 

for z > 4. (Hint: See Ex. 1(a), with z replaced by 32 — 1.) 


0, 
1. 


3. Consider the equation 
Ly) = y" + ar(x)y’ + ar(x)y = 0, 


* A basis is sometimes called a fundamental set, and a linear space is often called a 
vector space. The dimension of a linear space does not depend on a choice of basis. 
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where a1, a; are continuous on some interval Z, and a; has a continuous deriva- 
tive there. 
(a) If $ is a solution of L(y) = 0 let $ = wj, and determine a differential 
equation for u which will make y/ the solution of an equation in which the 
first derivative term is absent. 
(b) Solve this differential equation for u. 
(e) Show that y will then satisfy the equation 


y" + a(z)y = 0, 
where 


4. The equation y’ + a(z)y = 0 has for a solution 


$(t) = ex | -f a(t) a] 


r0 


(Here let a be continuous on an interval J containing zo.) This suggests trying 
to find a solution of 


L(y) = y" + a(z)y' + as(z)y = 0 


$6) = | f » at 


TQ 


of the form 


where p is a function to be determined. Show that ¢ is a solution of L(y) = 0 
if, and only if, p satisfies the first order non-linear equation 


y = —y! — aYz)y — a(z). 
(Remark: This last equation is called a Riccati equation.) 
5. Let 
L(y) = y? + arj + ++ + as(z)y, 


where ai, ***, a, are continuous real-valued functions on an interval I. 
(a) Show that if $ is a solution of L(y) = 0, then so are Re ġ and Im $. 
(b) Let $ be a solution of L(y) = 0 satisfying 


$(zo) = on, (to) — o», eee, $ (t0) = aa, 


where zo is some point in Z, and o, * **, a, are real constants, Prove that œ 
is real-valued. 

(c) Show that there is a basis for the solutions of L(y) = 0 consisting of 
real-valued functions. (Hint: Consider the basis $1, ***, $4 satisfying 


$079 (ao) = ó;j, (i,j = 1,**5,n), 
where 
ĉj =1 if i=j, 6; 20 if 5j) 
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6. Consider the equation 
y” + ar(z)y’ + ax(z)y = 0, 


where ai, az are continuous functions on — o < x < œ of period £ > 0, 
that is, 
alz + $) = a(t), a(z + &) = a(z), 
for all x. 
(a) Let $ be a non-trivial solution, and let f(x) = $(x + £). Prove that y 
is also a solution. 
(b) Show that ¢ is a periodic solution of period £ if, and only if, 


$(0 = Aë),  4e'(0) = ¢’(é). 
(c) Let d1, $» be the two solutions satisfying 
$10 = 1,  4»(0) = 0, 
$0) = 0, $40) = 1. 
Show that there are constants a, b, c, d such that 
gilt + E) = adi(x) + bós(z), 


belt + E) = opi(x) + dés(z), 


: for all x. (Hint: See (a).) 
(d) Compute the constants a, b, c, d in (b) by considering the point z = 0, 


7. Let $1, ***, dn ben continuous functions on the intervala s x & b. Let 
b 
Xij = f $x«(z) ó;(x) dz, (i,j 91,*:5,n) 


and let A denote the determinant 


a1, Gig *** Qin 


Qo Gop eee Aon 
Al. . 
. . 


Onl Qng °** Qnn 
Prove that $1, ***, Øn are linearly independent on a S z x b if, and only if, 
A = 0. (Hint: Suppose 
A #0, and cpi tee c0, = 0. 
Multiply this equation in turn by di, $2, ***, $4 and integrate to obtain 
Coi + Coz + *** + Cncin = 0, 


. iw, 


Anl + Cn? + *** + Cnn = 0. 
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The only solution of these is c1 = c} = *** = c4 = 0. Conversely, if pi, ** *, bn 
are linearly independent and A = 0, then there are c1, ***, c, satisfying (*) not 
all zero. Multiply the first equation by ci, the second by cs, ete., to obtain 


"n 


0-2» pP = f | » ci$i(z) 


jml i=l 


2 
dz. 


Show that this implies e141 + *** + CnỌn = 0. 
The determinant A is called the Gramian of $1, ***, $4. Note that o;; = 
Gi) 


4. The Wronskian and linear independence 


In order to show that any set of n linearly independent solutions of 
L(y) = 0 can serve as a basis for the solutions of L(y) — 0, we consider 
the Wronskian W (di, **-,4«) of any n solutions $i, ***, dn. Recall that 
this is defined to be the determinant 

Qı da eee On 
$i bs eee ¢, 
W (¢1, eee, bn) = . . 


pD gfe oee gle 
Theorem 6. If $1, *--, $n are n solutions of L(y) = 0 on an interval I, 
they are linearly independent there if, and only if, 
W (piu °°, on) (4) #0 forall z in I. 


Proof. First suppose W(¢1, +++, dn) (x) = O for all x in T. If there are 
constants c1, -**, c, such that 


&i(x) + +++ + Cahal) = 0 (4.1) 
for all x in J, then clearly 
edi x) + +++ +66, (2) =0 
(4.2) 


ed) + e + ea) = 0 


for all x in Z. For a fixed x in I the equations (4.1), (4.2) are n linear homo- 
geneous equations satisfied by c, «++, cn. The determinant of the coefficients 
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is just W(d1, ***, dn) (£), which is not zero. Hence there is only one solu- 
tion to this system, namely 


Ci = Cp = ore = Qan = 0. 


Therefore di, «++, $n are linearly independent on T. 
Conversely, suppose $i, ***, n are linearly independent on J. Suppose 
there is an zo in J such that 


W (dr tt; Pa) (zo) = 0. 


Then this implies that the system of n linear equations 
Crpi(X0) + *** + eus (1) = 0 
edi (ro) + 2+ + 6,4, (29) = 0 
. (43) 


cupid (2,) + eoim) = 0 


has a solution ci, +++, c,, where not all the constants c1, ***, c, are zero. Let 
Cy, ***, Ca be such a solution, and consider the function 


y = tihi + b Cahn. 
Now L(y) = 0, and from (4.3) we see that 
p(z) —0, y'(m) =0, se, p(z) = 0. 
From Theorem 3 it follows that y(x) = 0 for all x in J, and thus 
ciil) + *** + Cahal) = 0 


for all z in I. But this contradicts the fact that ¢:, ---, n are linearly in- 
dependent on J. Thus the supposition that there was a point x in I such 
that 


W (bn ***, Gn) (£0) = 0 
must be false. We have consequently proved that 


W (di, ***,:)(x) #0 forall xin J. 


Theorem 7. Let ¢1,°*+,¢n be n linearly independent solutions of 
L(y) = 0 on an interval I. If $ is any solution of L(y) = 0 on I, tt can be 
represented in the form 

$ = ahi *** + Cahn, 


where cı, ** *, c, are constants. Thus any set of n linearly independent solutions 
of L(y) = Oon Its a basis for the solutions of L(y) = Oon I. 
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Proof. Let x be a point in I, and suppose 


$(xo) =o, Q(T) = an, cee, PO (T0) = an, 


We show that there exist unique constants c, +--+, c, such that 


V = Cipi cb Cada 
is a solution of L(y) = 0 satisfying 
¥(%0) = a, (zo) = oes see, YOD (t0) = On. 
By the uniqueness result Theorem 3 we then have $ = y, or 


o) = €i + eee + Cuda. 


The initial conditions for y are equivalent to the following equations for 
e, ee *; Cn: 
&di(2o) + *** + Capa(To) = ar 


Cipi (To) +e + €, , (20) = 0 
(4.4) 


pi (zy) + ee + 6,65" (20) = a 
This is a set of n linear equations for cı, +++, €n The determinant of the 
coefficients is W (d, «++, dn) (zo), which is not zero since $i, +++, n are 
linearly independent (Theorem 6). Therefore there is & unique solution 
Ci, ** *, Cn of the equations (4.4), and this completes the proof. 
The analogue of Theorem 18, Chap. 2, is the following result. 


Theorem 8. Lei di, +++, dn be n solutions of L(y) = 0 on an interval I, 
and let xo be any point in I. Then 


W (di, ***, Gn) (z) = exp |- f a(t) at} (on, +++, dn) (20). (4.5) 


0 


Proof. We first prove this result for the simple case n = 2, and then give 
a proof which is valid for general n. The latter proof makes use of some gen- 
eral properties of determinants. 


Proof for the case n = 2. In this case 


W ($1; ba) = b1¢2 — Pibo 
and therefore 


W' (da, do) = bide + bids’ — i$» — $143 
= AN = Pi d». 
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Since $1, $» satisfy y^" + ai(z)y' + as(x)y = 0, we obtain 
$i = m — 0564, 


$: = —4a,9; — Arde. 
Thus 


W'(i, d) = $1(—a,¢, — Gabe) — (—a,d, — adi) he 
= —a,(¢ib2 — $1¢2) = —aiW (dh, dx). 
We see that W(¢1, ¢2) satisfies the linear first order equation 
y' t a(x)y = 0, 


W ($1, $2) (£) = c exp |- [ a(t) ai 


and hence 


where c is a constant. By putting x = zo, we obtain 
c= W (o, Qa) (29); 
thus proving (4.5) in case n — 2. 


Proof for a general n. We let W = Wei, ***, da) for brevity. From the 
definition of W as & determinant it follows that its derivative W' is & sum 
of n determinants 

Ww’ = Vit eee TV. 


where V, differs from W only in its k-th row, and the k-th row of V, is 
obtained by differentiating the k-th row of W. Thus 


$i e 4 i e s 


(ioo c by Or tt bh 
W'-é c M [té ce ow 


gir) eee $7» gia) "P oir) 
Qi eve On 
or 0c 4 
Tee $n 


| 
1 . . 
( 
| o? eee 7) 
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The first n — 1 determinants V., °-°, V,_1 are all zero, since they each have 
two identical rows. Since dy, ** , ġa are solutions of L(y) = 0 we have 


$ = —a, pi — oe — ands, (i=l, e,n), 
and therefore 
$1 ere $n 
$i es $n 
WwW’ 


gp» eee pp» 


n—l 


n—l 
— »» anp? — 2 anpi? 
j0 $e 


The value of this determinant is unchanged if we multiply any row by & 
number and add to the last row. We multiply the first row by an, the second 


by dnt, ***, the (n — 1)-st row by a», and add these to the last row, 
obtaining 
hi eve Qs 
di eee ¢, 
W' =| œ . = —aW 
pir?) eee $60» 


Zap f —a er? 


Therefore W satisfies the linear first order equation y’ + a.(z)y = 0, and 
thus 


W(x) = exp |- EO a roo. 


Corollary. If the coefficients a, of L are constants, then 


W (ey, ***, bn) (x) = eW (h, ++, hn) (29). 


Note that this corollary is just Theorem 18, Chap. 2. 
A consequence of Theorem 8 is that n solutions ¢1, ***, Qa Of 


L(y) ^0 
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on an interval J are linearly independent there if and only if 
W ($i, eee, dn) (xo) ~ 0 


for any particular z in J. 


EXERCISES 


1. Consider the equation 
L(y) = y^" + ai(z)y’ + as(zx)y = 0, 


where aj, az are continuous on some interval I. Let $1, $» and y, Yz be two 
bases for the solutions of L(y) = 0. Show that there is a non-zero constant k 
such that 


Wi, 2)(z) = kW, $2)(@). 
2. Consider the same equation as in Ex. 1. Show that a; and az are uniquely 


determined by any basis $1, $» for the solutions of L(y) = 0. (Hint: Try solving 
for a4, a» from the equations 


Lı) = 0, L($») = 0. 
Show that 


$1 4 $i 9 


$i 4; $1 $z 


= = ; a: = . 
W(óué2' © Weng) 
3. Consider the equation 
y” + a(x)y = 0, 


where a is a continuous function on — » < x < œ which is of period £ > 0. 
Let i, $2 be the basis for the solutions satisfying 
$10) = 1, (0) = 0, 
$10) =0, (0) = 1. 
(a) Show that W (pı, $2)(z) = 1 for all z. 
(b) Show that there is at least one non-trivial solution ¢ of period £ if, 
and only if, 
eid) + éd) = 2. 
(Hint: Ex. 6, Sec. 3.) 
(c) Show that there exists a non-trivial solution ¢ satisfying 
plz + $) = —é(x) 
if, and only if, 
$i) + éx( = —2. 
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(Hint: Show that such a $ exists if, and only if, 


$) = —6(0) and ¢’(€) = —9'(0). 


See Ex. 6, Sec. 3.) 
(d) If d1(£) + (£) = —2 show that there exists a non-trivial solution of 
period 2£. (Hint: Use (c). Alternately, use (b) with £ replaced by 2£.) 


P 
. 


(a) Let $ be a real-valued non-trivial solution of 
y" + a(z)y = 0 
ona « z < b, and let yj be a real-valued non-trivial solution of 
y" + Bay = 0 
ona « z < b. Here o, 8 are real-valued continuous functions. Suppose that 
Biz) > alz), (<2 <b). 


Show that if x; and x, are successive zeros of $ ona < x < b, then y 
must vanish at some point $, zı < E < zs. (Hint: Suppose y/(x) > 0 for 
£i € £z < za and assume $(z) > 0 for xı <x < xz. Then 


Wd’ — dy)’ = vo" — du" = B — a)dy, 
and an integration yields 
V(22)$' (x2) — (z)h (z1) > 0, 


since $(zxi) = (z2) = 0. Show that $'(x?) < 0 and $'(z1) > 0.) 
(b) Show that any real-valued solution y of 


y" zy =0 


on 0 <x < œ hasan infinity of zeros there. (Hint: Consider the equation 
y" +y = 0, and use (a) with 


alz) =1, B(x) =2, (x) = cos z.) 
5. Let ¢ and y be two real-valued linearly independent solutions of 
y” +a(z)y = 0 


ona <x < b, where a is real-valued. Show that between any two successive 
zeros of ¢ there is a zero of y. (Hint: Use the method of Ex. 4(a). Alternately, 
suppose 


$(z) = (3) = 0, and (x) »0 for zı Sz S z2 
Let x = $/V, and show that 
,  -W,J) 
x = 03.» 7 


Apply Rolle’s theorem to x on zı S x < x. Note that $ and y cannot vanish 
simultaneously for W (5, (x) = 0.) 


(zı S T S 2). 
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6. One solution of 


for x > 0is(r) = x. Show that there is another solution y; of the form 
V = up, where u is some function. (Hint: Try to find u so that L(up) = 0. 
This is a variation of the variation of constants idea.) 


7. Consider the equation 
y” + o(x)y = 0, 


where « is a real-valued continuous function on 0 < z < o. 
(a) If a(x) > efor0 <x < o, where e is a positive constant, show that 
every real-valued solution has an infinity of zeros on 0 < x < o. (Hint: Ex. 4.) 
(b) Show that this conclusion is not valid if œ just satisfies a(x) > 0 for 
0 <2 < o. (Hint: Ex. 6.) 


8. Consider the equation 
y” +a(z)jy = 0, 


where o is a real-valued continuous function fora < x < b. 
(a) If $ is a non-trivial solution which has a zero at xo, show that œ’ (zo) = 0. 
(Remark: Such a zero is called a simple zero.) 
(b) Show that the zeros of a non-trivial solution ¢ are isolated, that is, if 
(zo) = 0, there is no sequence of distinct z, — x, (n — œ), such that 
$(r,) = 0. (Hint: If (x4) = 0, z, — zo, show that $'(zo) = 0.) 


5. Reduction of the order of a homogeneous equation 


Suppose we have found by some means one solution ¢: of the equation 


L(y) — y? + ai(z)y7D + +++ + as(z)y = 0. 


It is then possible to take advantage of this information to reduce the order 
of the equation to be solved by one. The idea is the same one employed in 
the variation of constants method. We try to find solutions ¢ of L(y) = 0 
of the form ¢ = ud, where u is some function. If $ = ud; is to be a solution 
we must have 


0 = (udi)™ + aup) + +++ + anuh) + On (Ud) 
= up eee ug + aug + eee + arug? 
4e 
+ Ant’ + a, 1 uó; 

+ Gnd. 
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The coefficient of u in this equation is just L($1) = 0. Therefore, if v = u’, 
this is a linear equation of order n — 1 in», 

di (7D + ooo + [no 7" + a (n — 1) pf) + --- + andi] v = 0. (5.1) 


The coefficient of v(^-? is $;, and hence if $1(z) = 0 on an interval J this 
equation has n — 1 linearly independent solutions vz, ** -, v, on I. If zo is 
some point in 7, and 


wr) = f (t) di, (k = 2, 0, 


T 


then we have u; = v,, and the functions 


$1, Whi, * **, Usi (5.2) 


are solutions of L(y) = 0. Moreover these functions form a basis for the 
solutions of L(y) — 0 on I. For suppose we have constants c; ***, Cn 
such that 


Cid + Cupi + oe? + Cntindi = 0. 
Since ¢:(x) = 0 on J this implies 
C1 + Cus + rt F Cnn = O, (5.3) 
and differentiating we obtain 


Gu, +--+ + cpu, = 0, 
or 
CW e+ + CWn = O. 


Since v,, ++, v, are linearly independent on J we have 
Co = Q = ere = Cn = 0, 
and from (5.3) we obtain c; = 0 also. Thus the functions in (5.2) form a 


basis for the solutions of L(y) = 0 on I. 


Theorem 9. Lei ġı be a solution of L(y) = 0 on an interval I, and sup- 
pose di(x) sé 0 on I. If vo, «++, vn is any basis on I for the solutions of the 
linear equation (5.1) of order n — 1, and if 


Ve = Uy, (k = 2,+++,n), 
then $i, Ushi, * - *; undi ts a basis for the solutions of L(y) = Oon1l. 
The case n = 2 of Theorem 9 merits further discussion, since in this case 


the equation for v is linear of the first order, and therefore can be solved 
explicitly (Chap. 1). Here we have 


L(y) = y" +ai(z)y’ + as(x)y = 0, 
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and if 4, is a solution on 7 we have 
L(uéi) = (u$1)" + ai(udi)’ + as(u1) 
= udi + 2u'ó; + upi’ + audi + augi + augi 
= wd: + v'(26; + aii). 
Thus, if v = u’, and u is such that L(udi) = 0, 
gw’ + (26; + 2,41)” = 0. (5.4) 


But (5.4) is a linear equation of order one, and can always be solved ex- 
plicitly provided ¢:1(x) = 0 on I. Indeed v satisfies 


div’ + (26,6; + agi) = 0, (5.5) 
which is just (5.4) multiplied by ¢ı. Thus 
(pw) + alw) = 0, 
which implies that 


$i(x)v(x) = c exp |- f a(t) au} 


where zo is a point in J, and c is a constant. Since any constant multiple of a 
solution of (5.5) is again a solution, we see that 


1 z 
ol) = Faye |- J, alt) a 


is & solution of (5.5), and also of (5.4). Therefore two independent solutions 
of 
L(y) = y” + ai(z)y' + a(z)y =0 (5.6) 


on J are ¢: and œz, where 


hal<) = di(z) f ope |- f a a| ds. (5.7) 
zo LPI zo 


Theorem 10. 7f à; is a solution of (5.6) on an interval I, and ¢1(x) Æ 0 
on I, a second solution $» of (5.6) on I is given by (5.7). The functions $1, da 
form a basis for the solutions of (5.6) on I. 

As a simple example consider the equation 


2 
y"— 39 =0, (0 € z «€ e). 


It is easy to verify that the $: given by $i(z) = 2? is a solution on 0 < z < 
eo, and since this function does not vanish on this interval there is another 
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independent solution $s of the form 4» = ui. If v = wu’ we find that v 
satisfies 


rw --4zv — 0, or w +4 =Q. 
A solution for this is given by 
v(x) = r^, (0 € x «€ o), 


and therefore & choice for v is 


ulz) = 7g (0 € z «€ o). 
This leads to 
1 
p(z) = EL (0 «zx o), 


but since any constant times a solution is a solution, we may as well choose 
for a second solution ¢2(z) = z^. Thus z?, x^! form a basis for the solutions 
onO « z «€ o. 


EXERCISES 


1. A differential equation and a function $; are given in each of the following. 
Verify that the function ¢: satisfies the equation, and find a second independent 
solution. 


(a) 2 -— (xy + 15y = 0, $i(x) = x, (x > 0). 

(b) zy” — xy’ + y = 0, di(z) = z, (x > 0). 

(c) y" — day! + (4 — 2)y = 0, di) = e. 

(d) xy" — (xz + Dy' + y -0,ó1(z) = e,(z > 0). 

(e) (1 — z?)y" — Quy’ + 2y = 0, 91(z) = x, (0 < x < 1). 
(f) y” — 2zy' + 2y = 0, $i(z) = z, (z > 0). 


2. One solution of 

gh" _ 3z2y' + 6zy' E 6y -0 
forz > Oisdi(x) = x. Find a basis for the solutions for x > 0. 
3. Consider the equation 


L(y) = y" + ar(z)y” + as(z)y' + as(zx)y = 0. 


Suppose $1, $» are given linearly independent solutions of L(y) = 0. 
(a) Let ¢ = udi, and compute the equation of order two satisfied by w' in 
order that L@) = 0. Show that ¢2/¢1)’ is a solution of this equation of 
order two. 
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(b) Use the fact that (¢2/¢1)’ satisfies the equation of order two to reduce 
the order of this equation by one. 


4. Two solutions of 
zy" — 3zy + 3y = 0, (x > 0), 


are $i(r) = x, palz) = z. Use this information to find a third independent 
solution. (Hint: See Ex. 3.) 


5. Consider the equation 
y" + ai(z)y’ + ax(z)y = 0, 
where a, a» are continuous on some interval J containing zo. Suppose $1 is a 


solution such that ¢:(z) = 0 for all z in Z. 
(a) Show that there is a second solution $» on J such that 


Wr, ó2)(z0) = 1. 


(b) Compute such a ¢2 in terms of $1, by solving the first order equation 


dilx)po(x) — éi(3)óx(z) = e| - f a(t) al, 
for d». 


6. The non-homogeneous equation 


Let a, *--, an, b be continuous functions on an interval J, and consider 
the equation 


L(y) = y? + ai(z)y7? + ees + an(x)y = b(z). (6.1) 


We have already seen that, in the case where the a; are all constants, this 
equation may be solved using the variation of constants method (Sec. 
10, Chap. 2.). The method does not depend on the fact that the a, are con- 
stants, and is therefore valid for the equation (6.1). We outline briefly the 
results. 

If y, is à particular solution of (6.1), any other solution Ņ has the form 


y = Yp +t agit + nbn; 


where ci, * **, c, are constants, and $i, ***, n is a basis for the solutions of 
L(y) = 0. Every such y is a solution of L(y) = b(x). A particular solution 
V» can be found which has the form 


Yp = Udi + +++ + Unda, 
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where ui ***, Un are functions satisfying 
Li 
Vb T see + Unb, = 0 


uipi d s + ug, = 0 


4 / 

uo + coe -+ Te a = 
4 / 

upio + eee + udi o7» = b. 


If zo is any point of J we may take for u, the function given by 


= WDD 
zo Wi, ***, dn) (0) di, (k= 1, +., n); 


and then v, has the form 


u(x) = 


ox z — Wk(t)b(t) 
¥,(z) = » dx (x) f Wee dt. (6.2) 


Here W (dy, ***, on) is the Wronskian of the basis $i, +++, n, and W, is 
the determinant obtained from W (ài, «++, ġa) by replacing the k-th column 
(dks der ***; of) by (0,0, ---,0, 1). 


Theorem 11. Let b be continuous on an interval I, and let $1, +++, on bea 
basis for the solutions of L(y) = 0 on I. Every solution y of L(y) = b(x) 
can be written as 


y = Y. T ĉio T + Cadn; 
where Yp is a particular solution of L(y) = b(x), and Ci, +++, Cn are con- 
stants. Every such y» is a solution of L(y) = b(x). A particular solution yy 
is given by (6.2). 
As an illustration let us find all solutions of the equation 


2 
y" -.3/7* (0 « x « o). (6.3) 


We have already seen in Sec. 5 that a basis for the solutions of the homo- 
geneous equation is given by 


di(z) = 2, a(x) =o 
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A solution y, of the non-homogeneous equation has the form 


Vp = Wx? um, 
where tu, u, satisfy 
ru, + atu, = 0 


Li — , 
2xu, — vu, = x. 


Now W ($i, ¢2) (£) = —3, and we find that 


1 x 
uz) = 3' ux(r) = —3 
For u;, uw we may take 
x g^ 
u(x) ="3? ue (x) = ~ 12” 
and from (6.4) we see that 
ror T 
yz) = 3-5 > 


Every solution ¢ of (6.3) then has the form 
3 
$(z) = 1 + ax? + ex, 


where c, c; are constants. 


Chap. 3 


(6.4) 


Since we can always solve the non-homogeneous equation L(y) = b(x) 
by using algebraic methods and an integration, we now concentrate our 


attention on methods for solving the homogeneous equation. 


EXERCISES 
1. One solution of 
zh! — 2y = 0 
onQ « z < e isdi(z) = z?, Find all solutions of 


zy" —2y = 2 — 1 
onQ<z «€ o. 


2. One solution of 
zy" —sy’+y=0, (x20, 
is $i(z) = x. Find the solution V of 
y” — ay’ + y = 
satisfying ¥(1) = 1, J/(1) = 9. 
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3. (a) Show that there is a basis 1, $2 for the solutions cf 
vy” + Ázy' + (2 + x)y = 0, (z > 0), 
of the form 


ne gi) = HS 


(z) = 


zr 


(Hint: If ¢ is a solution, let @ = v/z?.) 
(b) Find all solutions of 


wy” + 4zy' + (2+ ey = 2 
for z > 0. 
4. (a) Consider the equation 
L(y) = y" + ai(z)y’ + ax(z)y = b(z), 


where a1, az, b are continuous on some interval J. Suppose $; is a solution of 
L(y) = O such that $i1(z) = 0 for all x in J. Show that there is a particular 
solution Wp of L(y) = b(x) of the form Yp = wd, where v, = uz, is a par- 
ticular solution of the first order equation 


di(z)' + [201(z) + alre) = b(z). 
(b) Use the idea in (a) to find all solutions of 
ty!” — ay ty <2 


for x > 0. (Hint: From Ex. 2 one solution of z^y^" — zy’ + y = Ois given by 
(iz) = z.) 


5. Show that the function Yp given by (6.2) satisfies 
Wp(to) = Yi (to) = e+e = ín (xo) = 0. 


6. Let g(x, t) be defined by 


2. x(x) W(t) 
g(x, t) = 2 W(t) 


LI 


where W = Wí$i, ***, $4) is the Wronskian of n linearly independent solu- 
tions of L(y) = 0. Then they, of (6.2) can be written as 


vote) = f ats, DOO a. 


(a) Prove that 
k(x, i) 
wit)’ 


g(x, t) = 
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where 
e(t) plt) — ** — XQ) 
dit) — 0 -- «0 
k(x, t) = 
of = () "E () see ép (t) 
ġı(z) p(z)  *** $l) 
(b) Show that 
g, t) = 0, o, )=0 +, n: (t,t) - 0, ZH y, t) = 1. 


7. Consider the equation 


y" +y = b@), 


where b is a continuous function on 1 £ x < o satisfying 


f (oia « «. 
1 


(a) Show that a particular solution y is given by 


plr) = f . sin (x — t)b(t) dt. 
1 


(b) Show that any solution is bounded on 1 £ 


T <œ, 


7. Homogeneous equations with analytic coefficients 


If g is a function defined on an interval J containing a point zo, we say 
that g is analytic at zo if g can be expanded in a power series about ze which 
has a positive radius of convergence. Thus g is analytic at xo if it can be 


represented in the form 


eo 


g(x) = 2 alz — x)*, 


(7.1) 


where the c, are constants, and the series converges for | z — zo| < re, 
To > 0. Recall (Sec. 5, Chap. 0) that one of the important properties of a 
function g which has the form (7.1), where the series converges for 
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|z — zo| € ro is that all of its derivatives exist on | x — zo| < re, and they 
may be computed by differentiating the series term by term. Thus, for 
example 


g(x) = 2,ke(x — t)", 
k=l 


and 
g" (x) = > k(k — 1)ex(a — r), 
kun? 


and the differentiated series converge on | x — zo | < ro also. 

If the coefficients a;, ---, a, of L are analytic at zo it turns out that the 
solutions are also. In fact solutions can be computed by a formal algebraic 
process. We illustrate by considering the example 


L(y) = y" — zy =0. 


Here a(x) = 0, a2(x) = —z, and hence a, a; are analytic for all real zo. 
We try for a solution the series 


$(rz) = c» + et + ex? + eee, 


Then 
p” (z) = 2e + 3-2ex + 4+3Bcqu? + oe 
= > (k + 2) (k + 1) ceyor*. 
k=O 
Also 


zolz) = eu p ar + er +--+ = * Ck Xa, 


k=l 


$” (x) — zé(x) = 2e + » [(k + 2) (k + 1)e2 — cr-i let. 


In order for ¢ to be a solution of L(y) = 0 we must have 


$” (z) — zó(x) = 0, 
or 


2e; + Do [(k + 2) (k + 1)e — eraile = 0, 
k=1 
and this is true only if all the coefficients of the powers of x are zero. Thus 


2€» = 0, (k +2) (k + 1)es — ea = 0, (k = 1,2, +--+). 


This gives an infinite set of equations, which can be solved for the cx. Thus, 
for k = 1, we have 


Co 
3°2¢3 = €, Or C3 = 3-2 
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Putting k = 2 we find 


€ 
C4 == 4-3" 
Continuing in this way we see that 
e= LL. =0, = = Co Q= = 2 
5-4 6:5 6-5-3-2 :6 17*6-4-3 


It can be shown by induction that 


_ Co 
~~ 2.8.5.6 +++ (3m — 1)8m’ 


Cam 


e 
8-4*06-7 +++ 8m(3m + 1)’ 
C3m42 = 0, (m = 0, 1, 2, +++). 


Thus all the constants are determined in terms of c and cı. Collecting to- 
gether terms with c and c; as a factor we have 


Com+i = 


x3 x8 zi x? 
$(2) = of tzat e532 t ed A tiga t zd 
Let 41, $» represent the two series in the brackets. Thus 
oo 2m 
d(z) = 1 + 2 2:3-56 ++. (3m — 1)3m’ 
(7.2) 
co m+ 
x(t) — zd», 


nol 9:4-06*7 +++ 3m(3m + 1) ' 
We have shown, in a formal way, that $ satisfies y" — zy = 0 for any two 
constants co, cı. In particular the choice co = 1, e = 0 shows that $, satis- 


fies this equation, and the choice co = 0, e = 1 implies ¢ also satisfies the 
equation. 

The only question that remains concerns the convergence of the series 
defining ¢:(x) and ¢2(x). It is readily checked by the ratio test that both 
series converge for all finite x. For example, let us consider the series for 
di(z). Writing it as 


gi(z) = 1 + 2 d.(2), 
we see that 
dea(z) | gin 
d.(z)  2*3+5+6 «++ (3m — 1) (3m) (8m + 2) (3m + 3) 


x 2-3-5-6 *-- (Bm — 1) (8m) 


qim 
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and therefore 
_ | x |? 
— (8m + 2) (3m + 3)’ 


ds (x) 
ds (x) 


which tends to zero, as m — œ, provided only that | x | < œ. 

Summarizing, we have found in & purely formal way two series, which 
are convergent for all finite z, and thus represent two functions $i, $», and 
from the way we obtained qu, ¢: it is apparent that they are solutions of the 
equation y" — zy = hon — œ < x < o, They are linearly independent 
solutions for it is clear from the series (7.2) defining $1 and ¢: that 


$i (0) = 1, ¢2(0) = 0, 
$(0) =0, = $;(0 = 1, 


and therefore 
W ($i, #2) (0) = 10. 


The method illustrated by this example works in general when the 
coefficients are analytic, and always yields a convergent power series solu- 
tion for any initial value problem. We state this result formally, and 
devote Section 9 to its justification. 


Theorem 12. ( Existence Theorem for Analytic Coefficients) Let xo be a 
real number, and suppose that the coefficients a, +++, an in 
L(y) = y? + ai(z)y? + +++ + an(a)y 
have convergent power series expansions in powers of X — Xo on an interval 
|s tol <w 790. 
If o, +++, an are any n constants, there exists a solution ¢ of the problem 
L(y) =0, y(t) =a, ee, YO (20) = an, 


with a power series expansion 
é(z) = Di a(z — m) (7.3) 
per) 


convergent for | x — xo| < ro. We have 
k! Ck = ee (k — 0,1, ++., n — 1), 


and cy for k = n may be computed in terms of co, Ci, ** t, Ca by substituting 
the series (7.3) into L(y) = 0. 

It follows from Theorem 12, and the Uniqueness Theorem 3, that any 
solution ¢ of L(y) = 0 on | x — zo| < ro has a convergent power series 
expansion there of the form (7.3). 
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EXERCISES 


1. Find two linearly independent power series solutions (in powers of x) of the 
following equations: 


(a) y" — zy’ +y =0 (b) y" + 32y — zy = 0 
(c) y" — ay =0 (d) y" + z*y' + xy —0 
(e) y" +y =0 

For what values of z do the series converge? 

2. Find the solution $ of 


y" + (a — 1)’ — (æ — ly = 0 
in the form 


eo 


(z) = 2, alz — 1), 
k=0 
which satisfies #(1) = 1, ’(1) = 0. (Hint: Let x — 1 = &.) 
8. Find the solution ¢ of 


(1 ay" +y =0 
of the form 


é() = È ast, 
k=0 


which satisfies 6(0) = 0,9'(0) = 1. (Note: When the equation is written in the 
form 


1 
ff 0 
yt 142577 
it is one with analytic coefficients at x = 0, since 
1 co 
=] -gr + xt — gS 4 one = (—1)*x?*, 


which converges for |x| < 1. However to compute ¢ it is best to substitute 
the series for $ directly into the given equation.) What is the largest r > 0 
such that the series for @ converges for |x| < r? 


4. The equation 
y" + ey = 0 
has a solution ¢ of the form 


$(z) = »» cuz* 
k=0 


which satisfies $(0) = 1, ¢’(0) = 0. Compute co, ci, co, C3, Ca, Os. (Hint: Ck = 
$9 (0)/k! and $"(z) = —e*(z).) 
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5. Compute the solution ¢ of 


Ht 


y" —zy -0 
which satisfies $(0) = 1,4'(0) = 0,9" (0) = 0. 
6. The equation 
(1 — zy" — 2zy' + ala + 1)y = 0, (*) 


where « is a constant, is called the Legendre equation. 
(a) Show that if it is written in the form 


y" + ai(z)y' + ax(z)y = 0, 


then a, az have convergent power series expansions (in powers of x) on 
Iz| <1. 

(b) Compute two linearly independent solutions for | z| < 1. (Hint: Leave 
the equation in the form (*).) 

(c) Show that if a is a non-negative integer n there is a polynomial solution 
of degree n. 


7. The equation 
(1 — zy" — ay’ +a’y = 0, 
where a is a constant, is called the Chebyshev equation. 
(a) Compute two linearly independent series solutions for | z| « 1. 
(b) Show that for every non-negative integer œ = n there is a polynomial 
solution of degree n. When appropriately normalized these are called the 
Chebyshev polynomials. 


8. The equation 
y" — 2xy' + 2ay = 0, 
where æ is a constant, is called the Hermite equation. 
(a) Find two linearly independent solutions on — œ < z < o. 
(b) Show that there is a polynomial solution of degree n, in ease a = n isa 
non-negative integer. 
(e) Show that the polynomial H, defined by 


H,(2) = (-1 e Pest 
n dx” 
is a solution of the Hermite equation in casea = n is a non-negative integer. 


This solution H, is called the n-th Hermite polynomial. (Hint: If u(x) = e-** 
show that u’(x) + 2zu(z) = 0. Differentiate this equation n times to obtain 


Haile) — 22H,(2) + 2nH n(x) = 0 (*) 

forn 2 1. Differentiate H, to obtain 
Hi(z) = 22H,(2) — Haz) (**) 
for n 2 0. Use (*) and (**) to show H, is a solution of the Hermite equs- 


tion.) 
(d) Compute Ho, Hi, Hs, Hs. 
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8. The Legendre equation 


Some of the important differential equations met in physical problems 
are second order linear equations with analytic coefficients. One of these is 
the Legendre equation 


L(y) = (1 — 22)y" — 2zy' + ala + 1)y — 0, (8.1) 
where a is a constant. If we write this equation as 
2x ala + 1) 
me —2/ LLL A — 
a. t q-g 0, 
we see that the functions a, a2 given by 
—2x a(a + 1) 
a(t) —i1—4 ele) =I 
are analytic at v = 0. Indeed, 
1 


[opt l+o2tr+att... = 2, 
and this series converges for | x| < 1. Thus a: and a; have the series ex- 
pansions 


a(z) = >> (-2)9*^, — a(z) = Sala + 1)2%, 
k=0 kat) 


which converge for | x | < 1. From Theorem 12 it follows that the solutions 
of L(y) -0on|z| < 1 have convergent power series expansions there. 
We proceed to find a basis for these solutions. 

Let ¢ be any solution of the Legendre equation on | x| < 1, and sup- 
pose 


(z) = e + ae + e ++ = * cpr, (8.2) 
kes) 
We have 
p (2) = & + 2e + 3er? + +++ = > kerst, 
kal 
—2zġ' (x) = * —9ke,z*, (8.3) 
k=O 


(x) = 2e + 8-2ex +  — » k(k — l)ez*3, 


=x" (zx) = >> — k(k — 1)oz*. (8.4) 
ki 
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Note that ¢” (x) may also be written as 

6"(a) = È (k + 2) (k + Deua. (8.5) 
From (8.2)-(8.5) we obtain 
L(¢) (x) = (1 — 2)” (x) — 2x¢' (t) + ala + 1)¢(2) 


= È [(k -F 2) (k + 1)cr — k(k — 1)cr — Qk + ala + 1)erle* 


= 3 EG + 2) (k + Deua + (a +k + 1)(a — Boc. 


For ¢ to satisfy L($) = 0 we must have all the coefficients of the powers 
of z equal to zero. Hence 


(k + 2) (k + 1)cr + (2 +k +1) (a — k)e, = 0, 


8.6 
(k —0,1,2, ---). ) 


This is the recursion relation which gives C++: in terms of c,. For k = 0 we 
obtain 
(a+ 1)a 
r 


and for k = 1 we get 
(a+ 2)(a- 1), 


= 3-2 


le 


Similarly, letting k = 2, 3 in (8.6) we obtain 
(a + 3) (e — 2) (a + 3)(a + lala — 2) 
= => a = mMm ta 


4.3 4.3.2 , 
E .. (a + 4) (e — 8) e (a + 4)(a + 2) (a — 1) (a — 3) . 
5-4 ° 54-302 r 


The pattern now becomes clear, and it follows by induction that for m = 
1, 2, *9*9 " 


(a+2m—1) (a--2m —3) - * - (a4 -1) a (a —2) : -* (a72m-2) 


&m- (7D (2m)! 
Cim 
(-1 , X F2m) (a+2m —2) +++ (4-2) (a—1) (a—3) +++ (a—2m-+1) 
= ( —1)"————————————————————————————————"t. 


(2m 4-1)! 
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All coefficients are determined in terms of co and cj, and we must have 


(x) = ewhi(x) + eds(2), 


where 
1 — 
pla) 21-4 tDeg , CHBA t Dal 2) , 
2! 4! 
or 


g(t) = 1 + 2 (—1)” 


x (a+2m—1) (a--2m —3) * - - (a--1)a (a —2) - -- (a—2m42) am 


(2m)! 

(8.7) 
and 
(x) 
ag — GP D ua REDO Fe ND) gs sss 
or 
é(r) = 2+ » (—1)" 
x TZM) (a+ 2m 72) +++ (a2) (a71) (a= 3) +++ (a—72m-F1) amn, (8.8) 


(2m + 1)! 


Both ¢; and 4» are solutions of the Legendre equation, those corresponding 
to the choices 


=l, a =0, and o@=0, a =1, 
respectively. They form a basis for the solutions, since 
¢:(0) =1, — ¢a(0) = 0, 
#:(0) =0, ¢,(0) =1. 
We notice that if a is a non-negative even integer 
n = 2m, (m = 0,1, 2, ++), 


then $1 has only a finite number of non-zero terms. Indeed, in this case $1 
is a polynomial of degree n containing only even powers of x. For example, 


di(z) = 1, (a = 0), 
(z) = 1 — 3z*, (a = 2), 
di(z) = 1 — 10x? + 2? at, (a = 4). 
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The solution 4; is not a polynomial in this case since none of the coefficients 
in the series (8.8) vanish. 

A similar situation occurs when « is a positive odd integer n. Then $; 
is a polynomial of degree n having only odd powers of x, and 4; is not a 
polynomial. For example, 


$2(z) = 2, (a = 1), 
a(z) = x — $ £, (a = 3), 
é(z) —z— tH, (a = 5). 


We consider in more detail these polynomial solutions when a = n, 
a non-negative integer. The polynomial solution P, of degree n of 


(1 — z2)y" — 2zy' + n(n + 1)y =0, (8.9) 


satisfying P,(1) = 1 is called the n-th Legendre polynomial. In order to 
justify this definition we must show that there is just one such solution 
for each non-negative integer n. This will be established by way of a slight 
detour, which is of interest in itself. 

Let ¢ be the polynomial of degree n defined by 


d 2 — n 
olz) = 5 (s — D*. 


This ¢ satisfies the Legendre equation (8.9). Indeed, let 
ulz) = (æ? — 1)". 

'Then we obtain by differentiating 

(x? — 1)v' — 2nzu = 0. 
Differentiating this expression n + 1 times yields 
(a? — Ljut + 2z(n + Lut) + (n + 1)nut? 

— 2nzu™t) — 2n(n + 1l)u™ =Q. 

Since $ = u™ we obtain 


(1 — z2)9" (x) — 2z¢' (x) + n(n + 1)e(z) = 0, 


and we have shown that ¢ satisfies (8.9). 
This polynomial $ satisfies 


¢(1) = 2"n |. 
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This can be seen by noting that 
ola) = [læ — 1)"]" = [(z — D*(z + D"]o 
—[(x-—1)^"]?(z-F1)"-F terms with (x — 1) as a factor 
= n | (x + 1)” + terms with (x — 1) as a factor. 


Hence $(1) = n ! 2", as stated. 
It is now clear that the function P, given by 
1 d* 
" = — — — 1)” . 

Pa (2) Zan! dz (2 — 1) (8.10) 
is the n-th Legendre polynomial, provided we can show that there is no 
other polynomial solution of (8.9) which is 1 at = 1. 

Suppose y is any polynomial solution of (8.9). Then for some constant 
c we must have y = cd, or y = cós, according as n is even or odd. Here 
$1, d» are the solutions (8.7), (8.8). Suppose n is even, for example. Then, 
for |x| « 1, 
V = Ch: + dés 


for some constants c, d, since $1, ¢2 form a basis for the solutions on |z| < 1. 
But then y — cq, is a polynomial, whereas d$» is not a polynomial in case 
d = 0. Hence d = 0. In particular the function P, given by (8.10) satisfies 
P, = cd, for some constant c, if n is even. Since 


1 = Pa(1) = egi(1), 


we see that ¢:1(1) = 0. A similar result is valid if n is odd. Thus no non- 
trivial polynomial solution of the Legendre equation can be zero at z = 1. 
From this it follows that there is only one polynomial P, satisfying (8.9) 
and P,(1) = 1, for if P, was another, then P, — P, would be a polynomial 
solution, and 


P,(1) — P,(1) = 0. 
The first few Legendre polynomials are 
P(z)-1, Pi(z)-z,  Pz)-íz-—i 


Pila = 52 — 32, Pilz) = 82 r — et. 


EXERCISES 


1. Show that the series defining the functions $1, $» in (8.7), (8.8) converge for 
|x| « 1. (Hint: Use the ratio test.) 


2. Show that P4(—z) = (—1)"P&s(z), and hence that P,(—1) = (—1)". 
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3. Show that the coefficient of x” in P, (æ) is 


(2n)! 
2" (n? 


(Hint: Use (8.10).) 
4. Show that there are constants ao, a1, ***, &, such that 

z^ = Polt) + Pile) + *** + os P. z). 
(Hint: For n = 0,1 = Po(x). For n = 1,2 = P(x). Use induction.) 


5. Show that any polynomial of degree n is a linear combination of Po, P1, 
eee, Pa. (Hint: Ex. 4.) 


6. Show that 
1 
f Py(t)Pn(x) dz = 0, (n = m). 
-1 


(Hint: Note that 
[( - x?) Pal’ = —n(n + 1)P,, 


[1 — Pa) = —m(m + 1)Pn. 
Hence 


Prl(l — z5)P,! — Pall — Pan) = {(1 — 2)[PmPa — PmPal}’ 


= [m(m + 1) — n(n + 1)] PPro. 
Integrate from —1 to 1.) 


7. Show that 


1 
f P? (x) dx = . 
—1 2n + 1 
(Hint: Let u(x) = (x? — 1)". Then from (8.10) 

1 
= — Q409 
P&4(x) "EI u™ (x), 


Show that u(1) = w9(—1) = Oif 0 x k < n. Then, integrating by parts, 


f ! u™ (x)u? (z) dx = u^(z)u7P(z) 
1 


1 1 
— f unt D (z)u(-) (x) dz 
+! -1 


1 
-f uo (z)u(n-0 (z) dz 
-1 


1 
e = (—1)" f. u@”) (z)u(z) dz. 


1 
(20)! I. (1 — 2)" dz. 
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To compute the latter integral let x = sin 0, and obtain 


2(2^n1* 


1 v/2 
f (1 — 22)" dr = 2 f eos?ntig dg = ) 
-1 9 (2n. + 1)! 
8. Let P be any polynomial of degree n, and let 
P = Po + P1 H9 + CnPa, (*) 


where co, ¢1, ***, c, are constants. (Such constants exist by Ex. 5.) Show that 


2k 


Ck = 


1 1 
= [ P(x)Px(x) dz, (k = 0,1, °*+, n). 


(Hint: Multiply (*) by P, and integrate from —1 to 1. Use the results of Exs. 
6 and 7.) 


9. Using the fact that Po(z) = 1 is a solution of 

(1 — z?)y" — 2ay’ = 0, 
find a second independent solution by the method of Sec. 5. 
10. (a) Verify that the function Qı defined by 


Qi(z) = Z log (a — 1, (|x| < 1), 
2 l-r 


is a solution of the Legendre equation when a = 1. 
(b) Express Qı as a linear combination of the solutions $1, $» given by 
(8.7), (8.8) with a = 1. (Hint: Compute Q,(0) and Q1(0).) 


5k9. Justification of the power series method 


We now consider the proof of Theorem 12. In order not to complicate 
matters too much we shall give a proof for the case when n = 2and % = 0. 
All the essential ideas appear in this case. We shall make use of two results 
concerning power series. The first is that if we have two power series 


Lart, — 2,05 
kv k»0 
and we know that 
le | S Cs C, z 0, (k = 0,1,2, +--+), 


&nd that the series 


>, C 


kr 
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converges for | æ | < r, for some r > 0, then the series 


> cet! 


k=O 


also converges for | z| < r. This is usually called the comparison test for 
convergence. The second result we require is that if a series 


> E (9.1) 


is convergent for | x | < ro, then for any z, | x | = 7 < 7, there is a constant 
M > 0 such that 


lal sM, (k-20,1,2,--) (9.2) 


This is not difficult to show. Since the series (9.1) is convergent for | z | = r 
its terms must tend to zero, 


| arx f = | ax |r*— 0, (k — œ). 
In particular there is an integer N > 0 such that 
lo |r s 1, (k > N). 
Let M be the largest number among 
læl, laln ss, lowlz", 1. 


Then clearly (9.2) is valid for this M. 
We now consider the equation 


L(y) = y" + a(z)y' + b(z)y = 0, (9.3) 


where a, b are functions having expansions 
a(z) = $, azt,  b(z) = 2, Bæ, (9.4) 
kw kal) 


which converge for | z | <7) for some 7 > 0. Given any constants a1, as 
we want to produce a solution ¢ of (9.3) satisfying 


e(0 =a, ¢$(0) =a, 
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and which can be written in the form 


é(z) = Y; ast, (9.5) 


k=O 


where the series converges for |x| < ro. If this series is convergent we 
must have 


C9 = a, € = 3, 


and the-constants c(k 2 2) must satisfy a recursion relation, which we now 
compute. We have 


$'(z) = È (k + Deut, 
k=) 


and 
a" (z) = p (k + 2) (k + D ecu (9.6) 


Now from (9.4) we obtain 


alz) (£z) = » 20 (k 4- e) 
(9.7) 
= È (È alj + ned 


b(x)ó(z) = (È a (E aa!) 


wo k 
=> (> — (9.8) 
kap Fuel) 


Adding (9.6), (9.7), and (9.8) we get 


and 


L($) (2) = p |o t 2)(k + 1)es + x asil j + l)e 


k q 
+ » B.—,c; |z* = O. 
Faa] 


Thus the c, must satisfy 
k 
(k + 2) (k + 1) tee = — 2 Caril j + 1)e;a + Bi-i6s]. (9.9) 


(k = 0, 1, 2, ---). 
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Our job now is to show that if the cj, for k = 2, are defined by (9.9), 
then the series 


NET, (9.10) 
ke 
is convergent for | z| < ro. To do this we make use of the two results con- 
cerning power series we mentioned earlier. Let r be any number satisfying 


0 < r < ry. Since the series in (9.4) are convergent for | z | = r we have a 
constant M > 0 such that 


(a;l ri S M, |B| r s M, (j = 0,1,2, ++). 
Using this in (9.9) we find that 


M & . 
(k + 2) (k + 1) | es | sa EUGTD | ea | + |e; [dri 


M & . 
sx LCC 1) leal + lel + M | o|r (9.11) 
J 


Now let us define 
Co = | col, C; = |al, 
and C, fork z 2 by 


(k + 2) (k + 1) Cie — 7; 25 EG + 1) Cia + Cir + MCsur, (9.12) 
y= 


(k = 0,1, 2, +++). 
Comparing (9.12) with (9.11) we see that an induction yields 
la |< Cr C, 2 0, (k =0, 1,2, +++). (9.13) 


We now investigate for what x the series 
$ Cyt! (9.14) 
kml) 
is convergent. From (9.12) we find that 
M *a 
(k + 1)kC4u = I »» [Cj + 1) Cpa + Cikri + MC, 
pm 


and 


M k—2 . 
k(k — 1)C = Aa $5 EG + D Cia + Cir + MC, 
Ew 
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for large k. From these expressions we obtain 
M kA... 
r(k + 1)kC44 = "m DOCG + 1) Cia + Cj] 
j=0 


+ M[kCy + Cyr} + MC, 
= k(k —1)C, — MCyuar 
+ MkCir + MC, 9 + MO, 


= [k(k — 1) + Mkr + Mr*]C,. 
Hence 


_ [k(k — 1) + Mkr + Met] 


Chpt! 
mud i —À—Á— ud E 21 P 
Chak r(k + 1)k 

which tends to | z | /r as k — œ. Thus, by the ratio test, the series (9.14) 
converges for |x| <r. This implies that the series (9.10) converges for 
| z| < r, and since r was any number satisfying 0 < r < ro, we have shown 
at last that the series (9.10) converges for | x | < ro. 

This completes our justification of Theorem 12. 


CHAPTER 4 


Linear Equations with Regular 


Singular Points 


1. Introduction 


In this chapter we continue our investigation of linear equations with 
variable coefficients 


ay(x)y™ + ai(z)y979 + +++ + as(z)y = 0. (1.1) 


Weshall assume that the coefficients ao, a1, +++, an are analytic at some point 
zo, and we shall be interested in an important case when a(%) = 0. A 
point xo such that ao(2%) = 0 is called a singular point of the equation (1.1). 
In this case we can not apply directly the existence result Theorem 1, 
Chap. 8, concerning initial value problems at zs. Indeed, it is usually rather 
difficult to determine the nature of the solutions in the vicinity of such 
singular points. However there is a large class of equations for which the 
singularity is rather “weak,” in the sense that slight modifications of the 
methods used for solving equations with analytic coefficients in Chap. 3 
serve to yield solutions near the singularities. 

We say that x is a regular singular point for (1.1) if the equation can be 
written in the form 


(x — 20)"y™ + b(z)(z— m)"ye7 e + O(z)y =O (1.2) 


near zo, where the functions bi, ---, b, are analytic at x. If the functions 
bi, °- +, b, can be written in the form 


bx) = (x — m)'&(z), (k =1, ++, n), 
where (i, * *-, B, are analytic at zo, we see that (1.2) becomes 


y? + Bley" + +++ + Bala)y =0 (1.8) 
143 
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upon dividing out (x — zo)”. Thus (1.2) is a generalization of the equation 
with analytic coefficients considered in Chap. 3, Secs. 7-9. 
An equation of the form 


Co(x) (£ — 29) "y? + a (z) (z — 29) tyd + ++- ter(z)y =0 


has a regular singular point at zo if co &,, **-, c, are analytic at ze, and 
Co(xo) =Æ 0. This is because we may divide by co(z), for x near ze, to obtain 
an equation of the form (1.2) with b,(zx) = c(z) /co(x), and it can be shown 
that these b, are analytic at xo. 

We first consider the simplest case of an equation, not of the type (1.3), 
having a regular singular point. This is the Euler equation, which is the case 
of (1.2) with bi, +-+, b, all constants. Next we investigate the general equa- 
tion of the second order with & regular singular point, and indicate how 
solutions may be obtained near the singular point. For x > zosuch solutions 
¢ turn out to be of the form 


$(z) = (x — zo)'e(z) + (x — 20)*p(x) log (x — zo), 


where r, s are constants, and c, p are analytic at zo. As an example the solu- 
tions of the important Bessel equation are computed in detail. Regular 
singular points at infinity are briefly discussed. 

The method used is to show that the coefficients of the series for the 
analytic functions c, p can be computed in a recursive fashion, and then to 
indicate that the series obtained actually converge near the singular point. 
Fortunately many of the equations with singular points which arise in 
physical problems have regular singular points. 

To indicate how lucky we are in this situation consider the equation 


zy" -—y-—íiy-0. (1.4) 


The origin zo = 0 is a singular point, but not a regular singular point since 
the coefficient —1 of y’ is not of the form x bi(z), where b, is analytic at 0. 
Nevertheless we may formally solve this equation by a series 


3 ot, (1.5) 
onl) 


where the coefficients c, satisfy the recursion formula 
(k + 1) cyst = (k? = = $) Ck, (k = 0, 1, 2, erg). (1.6) 
If co 7 0, the ratio test applied to (1.5), (1.6), shows that 


cea |z| e, 


[LR 
i k+1 
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as k— œ, provided | x | = 0. Thus the series (1.5) will only converge for 
x = 0, and therefore does not represent a function near x = 0, much less a 
solution of (1.4). 


2. The Euler equation 


The simplest example of a second order equation, not of the type con- 
sidered in Chap. 3, having a regular singular point at the origin is the Euler 


equation 
L(y) = zy" + axy' + by = 0, (2.1) 


where a, b are constants. We first consider this equation for > 0, and ob- 
serve that the coefficient of y in L(y) is a constant times z*. If r is any con- 
stant, z” has the property that its k-th derivative times z* is a constant times 
x’. For example 


sla) = rat, zi(z)" — r(r — l). 
This suggests trying for a solution of L(y) = 0 a power of x. We find that 
L(x) = [r(r — 1) + ar + bh. 
If q is the polynomial defined by 


g(r) 2 r(r — 1) 4- ar 4- b, 
we may write 
L(z) = q(r)z, (2.2) 


and it is clear that if rı is a root of q then 
L(zn) = 0. 


Thus the function ¢: given by $i(z) = z"! is a solution of (2.1) for x > 0. 
If r. is the other root of q, and 72 = rı, we obtain another solution ¢: given by 
dalz) = z”. 

In case the roots 71, 7; of q are equal we know that 


q(n) = 0, g (71) = 0, 
and this suggests differentiating (2.2) with respect to r. Indeed 


ð ð 
ór L(a) r(e) = L(x log x) 


[eg (r) + g(r) log z]z, 
and if r = 71 we see that 
L(a2" log x) = 0. 
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Therefore ¢a(x) = x" log x is a second solution associated with the root 7; 
m this case. 

In either case the solutions ¢1, ¢2 are linearly independent for x > 0. 
The proof is easy. If 7, »€ 72 and cı, c; are constants such that 


Ciz + cx = 0, (x > 0), 
then 
C1 + arm = 0, (z > 0). (2.3) 


Differentiating we see that 
Co(ra — njem = 0, 


which implies c; = 0, and from (2.3) we obtain e = 0 also. In case ri = rs 
and c, c; are constants such that 


ext + cox" log x = 0, (x > 0), 


then 
& + clog z = 0, (x > 0), (2.4) 
and differentiating we obtain 
Ca 
x = 0, (z > 0), 


or ce = 0. From (2.4) we see that cı = 0. 

We have glossed over one point in the above calculations, and that is 
the definition of z* in case r is complex. This possibility must be taken into 
account since the roots of q could be complex. We define q” for r complex by 


a = ef lee (x > 0). 
Then we have 


(2°)! = r(log z)'e bss = p yig = ra, 
and 


a à 
3,7) = à lez) = (log x)e" be = z'logz, 


which are the formulas we used in the calculations. 
Solutions for (2.1) can be found for z < 0 also. In this case consider 
( — z)", where is a constant. Then we have for x < 0 


[(-zy] 2-r(-z),  L[(-2)]' 2r(r— 1)(72)72, 
and hence 
z[(—z)]| -r(—z),  e[(—2')l-r(r—1(-z). 


Thus 
L((—z)) = q(r)( —)', (x < 0). 
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Also à 
Jr-ayl- (—a)" log (—z), (2 < 0), 


as can be easily checked. Therefore we see that if the roots ri, r» of q are 
distinct two independent solutions $i, ¢2 of (2.1) for z < 0 are given by 
(£) = (—2)", | (xz) = (—2)", (z < 0), 
and if rı = r: two solutions are given by 
(z) = (—2)", | d4(z) = (—z)" log (—z), (æ <0). 


These are just the formulas for the solutions obtained for z > 0, with x 
replaced by —z everywhere. Since | z| = x for x > 0, and | z | = —z for 
x < 0, we can write the solutions for any x ~ 0 in the following way: 


é(z)-|z|",  e(x)2|z|", (x #0), 
in case rı ~ rs, and 

é(z) -|z|",  &(z)-lIzli^log|z|, (#0), 
in case 71 = f2. 

Theorem 1. Consider the second order Euler equation 
xy" + ary’ + by = 0, (a, b constants), 
and the polynomial q given by 
g(r) =r(r—1) +ar+b. 


A basis for the solutions of the Euler equation on any interval not containing 
x = 0 ts given by 


di(z) =|z|", g(x) =|2|", 

in case rs, r are distinct roots of q, and by 
d(x) 2|z|", da(x) = |x| "log |x|, 
af rı is a root of q of multiplicity two. 
As an example let us consider the equation 
ty" + zy’ +y =0 

for x Æ 0. The polynomial q is given by 

air) »r(r—1)-Fr-F1sr'-r1, 
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end its roots are rı = 7, r2 = —1. ‘Thus a basis for the solutions is furnished 
Í (z) 2|zi$  e(z)-lz|75 (z0), 
where we have 
| æ | $ = ef be lal, 
Note that in this case another basis y1, Ja is given by 
Vi(z) = cos (log | z|), y(x) = sin (log | zl), (x = 0). 


The extension of the result of Theorem 1 to the Euler equation of the 
n-th order 


L(y) = ery” -+ O77 7370 -+ ote + any = 0, (2.5) 


where dı, **-, an are constants, is straightforward. We have for any con- 
stant r 


YO | al J 2r(r—1) --- (r—k-r1)|z|*, (x = 0), 
and hence 
L(|z|?) —a(0|z|*, (2.6) 
where q is now the polynomial of degree n 
g(r) =r(r— 1) eee (r—m-F1)-rar(r—1) *** (r—n+2) 
Toca 
This polynomial is called the indicial polynomial for the Euler equation 
(2.5). Differentiating (2.6) k times with respect to r we obtain 
oF oF 
bsp) = Is) = Lalo zh 


(k — 1) 


= [e (r) + kg» (r) log | z | + : aj Cr) tog? |e] (2.7) 


+ ee. + G(r) loe [el |12. 


If ri is a root of q of multiplicity m; then 
g(r) 40, g(r) 20, ee, g(r) =0, 
and we see from (2.7) that 
Jal, |z|"log|z|, =, {x|log™—|2| 


are solutions of L(y) = 0. Repeating this process for each root of q we ob- 
tain the following result. 
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Theorem 2. Let rı, +++, rs be the distinct roots of the indicial polynomial 
q for (2.5), and suppose r; has multiplicity mi. Then the n functions 


Iz|5[z|71og| z|, *-,| | 10g || ;| z| S | x| log| x], 
| z|[71og771| 2| ; 5; | z|75 | z| log | z|, 5, |z |7 ogr] x | 


form a basis for the solutions of the n-th order Euler equation (2.5) on any 
interval not containing x = 0. 


A proof of the linear independence of the above solutions can be given 
along the lines of the proof of Theorem 12 of Chap. 2, and hence will be 
omitted. Note the similarity between Theorem 2 above and Theorem 11, 
Chap. 2. 


EXERCISES 
1. Find all solutions of the following equations for z > 0: 
(a) zy" + 2zy’ — 6y = 0 (b) 22y" + ty’ — y =0 
(c) zy” + ay’ - 4y - x (d) zy” — 5xy' + 9y = x? 


(e) zy” + 2zy" — zy' +y -0 


2. Find all solutions of the following equations for | æ | > 0: 
(a) z?y" + xy' +4y = 1 (b) z^" — 3zy' + 5y = 0 
(c) zy" — 2 + ümy +3iy =0 (d) zy" + ay’ — dry = z 


3. Let $ be a solution for z > 0 of the Euler equation 
zy + azy’ + by = 0, 


where a, b are constants. Let Y(t) = 9(e*). 
(a) Show that y satisfies the equation 


V'(t + (a — DWO +h = 0. 


(b) Compute the characteristic polynomial of the equation satisfied by y, 
and compare it with the indicial polynomial! of the given Euler equation. 
(e) Show that $(x) = v(log x). 

(d) Using (a), (b), (c), and similar facts for z < 0, prove Theorem 1. 


4. Suppose the constants a, b in the Euler equation 
zy" + ary’ + by = 0 


are real. Let rı, re denote the roots of the indicial polynomial g. 
(a) If r1 =o + ir with 7 = 0, show that r = 7, =o — ir. 
(b) If r1 = o + ir with 7 = 0, show that the functions y, y» given by 


yıls) = | x [* eos (7 log | x), 
¥o(z) = |z |" sin (7 log | z |), 
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form & basis for the solutions of the Euler equation on any interval not 
containing z = 0. 


5. The logarithm of a negative number can be defined in the following way. 
If z « 0, then —z > 0, and we have 


z = (—2z)(—1) = (—z)e*. 
We define 
log x = log [( —z)e'*] = log (—2z) + log e** 
z log (—z) + tr, (z < 0). 
Thus log z, for x < 0, is a complex number. Using this definition, let 
at = ¢f bee 
for z > 0andforz < 0. 


(a) Show that 
g = ef" | z |", (z « 0). 


(b) Let ri, r4 be the roots of the indicial polynomial for the Euler equation 


vy!’ + ary + by = 0. 
Show that two independent solutions for | z| > 0 are given by 


zt, grt 
if r1 = r$, and by 
an, z" log z 
ifr, = r2. 
(c) Obtain the linearly independent solutions of Theorem 1 from the 
linearly independent solutions of (b). 


6. Let 
L(y) = z'y" + azy' + by 


where a, b are constants, and let q be the indicial polynomial 
g(r) =r(r — 1) + ar +b. 


(a) Show that the equation L(y) = z* has a solution y of the form (x) = 
ez* if q(k) = 0. Compute c. (Hint: L(ex*) = cL(z*) = eg(k)x*.) 

(b) Suppose & is a root of g of multiplicity one. Show that there is a solution 
y of L(y) = z* of the form 


W(x) = ex log z. 
Compute c. 
(c) Find a solution of L(y) = z* in case kis a double root of g. 


(d) Do Exercises 1(c), 1(d), 2(a), 2(d), using the results of (a), (b), (e) 
above. 
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8. Second order equations with regular singular points—an example 


A second order equation with a regular singular point at zo has the form 
(x — 29)*y"" + a(x) (z — zo)y' + b(x)y = 0, (3.1) 


where a, b are analytic at zy. Thus a, b have power series expansions 


a(z) = X e(z—m*  b(z)- È Bi(x — 20)*, 


k= 


which are convergent on some interval | x — zo| < re, for some ro > 0. 
We shall be interested in finding solutions of (3.1) near ze. In order to 
simplify our notation we shall assume zs = 0. 

If zo 0 it is easy to change (8.1) into an equivalent equation with a 
regular singular point at the origin. Weletí = z — a, and 


G(t) = alzo +t) = x ont, B(t) = b(z +t) = X Bit. 


The power series for à, 6 converge on the interval | £| < ro about ¢ = 0. 
Let ¢ be any solution of (3.1), and define $ by 


b(t) = (t +2). 
Then 


db. dé dé de 


and we see that ¢ satisfies 
&u" + á(t)tw + b(t)u = 0, (8.2) 


where now wu’ = du/dt. This is an equation with a regular singular point at 
t = 0. Conversely, if $ satisfies (3.2) the function ¢ given by 


é(z) = ó(z — m) 
satisfies (3.1). In this sense (3.2) is equivalent to (3.1). 
With zo = 0 in (3.1) we may write (3.1) as 
L(y) = xy" + a(z)zy' + b(z)y = 0, (3.3) 
where a, b are analytic at the origin, and have power series expansions 


a(z) = Ù at, bla) = È p, (3.4) 
k=} ka) 


which are convergent on an interval | z | < ro, ro > 0. The Euler equation 
is the special case of (8.3) with a, b constant. The effect of the higher order 
terms (terms with x as a factor) in the series (3.4) is to introduce series 
into the solutions of (3.3). We illustrate by an example. 
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Consider the equation 


L(y) = z*y" + 8 zy' + zy — 0, (8.5) 


which has & regular singular point at the origin. Let us restrict our attention 
to x > 0. Since it is not an Euler equation we can not expect it to havea 
solution of the form z” there. However we try for a solution 


@(x) = 2" >> cxx = con? + aah + coc, (co = 0), (3.6) 


k=) 


that is, z” times a power series. This simple idea works. We operate formally 
and see what conditions must be satisfied by r and c, ci, C2, «++ in order 
that this ¢ be a solution of (8.5). Computing we find that 


$'(z) = corz™ + alr -- 1)z* + e(r --2)z7H + oes, 

$"(z) = er(r — 1)27 + alr + 1) rz77 + er --2)(r 4-1)z* + eee, 
and hence 

z*$" (x) = er(r — L) + e(r t 1)rzrtt + e(r 4-2) (r + 1)an + eos, 
$a (2) = forz" + $a(r + 1)27 + do(r + 2)r*? fees, 

zé(z) = con"! + e p eee, 

Adding we obtain 
L(9)(z) = [r(r — 1) + ĝr]eox + lE(r + Dr + 8(c +1) Ja + ofa 


+ (ECr 4-2) (c +1) +8(r + 2) Jes + dmn? + eee, 
If we let 


g(r) =r(r—1) +r — r(r + 3), 
this may be written as 
L(¢) (2) = q(r)ew" + [glr + 1)e + colar + [g(r + 2)e + aja? 
+ eee 
= g(r)ewr" + 2" 2 [g(r + k)e + exa jot. 


If ¢ is to satisfy L(¢) (x) = 0 all coefficients of the powers of x must vanish. 
Since we assumed o, = 0 this implies 


g(r) =0, 
q(r + k)e + ea = 0, (k = 1,2, +). 


The polynomial g is called the indicial polynomial for (3.5). It is the coeffi- 
cient of the lowest power of x appearing in L(¢) (x), and from (3.7) we see 


(3.7) 
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that its roots are the only permissible values of r for which there are solu- 
tions of the form (3.6). In our example these roots are 


t1 = 0, T; = — 4. 


The second set of equations in (3.7) delimits cy, c», +++ in terms of c 
and r. If g(r + k) = 0 fork = 1,2, «++, then 


Ck-1 
= ——— TI k =>= l, 2, eee " 
^E (f ) 
'Thus 
(—1)*eo 
-LLLLLLACMS C (k-12,-). 
a= GtG Tk-0)--4641 € ) 
lf 7 = 0, 


q(rı +k) =q(k) £0 for k= 1,2, «es; 
since the other root of q is rz = — 4. Similarly if r = — 4, 
Q(r2 +k) 2 q(—8 +k) 40 for k=1,2, «ss, 


Letting co = 1 and r = rı = 0 we obtain, at least formally, a solution 
$1 given by 


à) 214 SLO 
kat q(k)g(k — 1) --- q(1) 
and letting c = 1 andr = r; = — we obtain another solution 
(70e 


d 
alz) = ari 4 gei Y LL T LL. 
a(z) ve £t qk- bak — 3) a) 


These functions $1, ¢2 will be solutions provided the series converge on some 
interval containing x = 0. Let us write the series for $; in the form 


&(z) = 5, d(x). 
k= 
Using the ratio test we obtain 
dja(z)| eh |. | x | 50 
d, (x) 1g(k--1)| (k+1)(k + 8) 
as k — œ, provided | z | < œ. Thus the series defining $1 is convergent for 
all finite x. The same can be shown to hold for the series multiplying z !/? 
in the expression for $». Thus $i, ¢2 are solutions of (3.5) for all x > 0. 


To obtain solutions for z < 0 we note that all the above computations go 
through if z” is replaced everywhere by | x |”, where 


[alt = e te tal, (3.8) 
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Thus two solutions of (3.5) which are valid for all z = 0 are given by 


E 3 (—1)** 
&G) = I ZO a =) gy? 


and 


a(x) = |x peli + »» Gop eo | 
imi q(k — $)a(k — å) +++ a(3) 

Note that the definition (3.8) implies that | x | ! is the positive square root 
of | z | . It is left as an exercise for the student to show that $1, $» are linearly 
independent on any interval not containing x — O. 

The above example illustrates the general fact that an equation (3.3) 
with & regular singular point at the origin always has a solution ¢ of the 
form 


é(z) = |z|r Di ast, (3.9) 
pur 
where r is a constant, and the series converges on the interval | x | < ro. 
Moreover r, and the constants c, may be computed by substituting (3.9) 
into the differential equation. 


EXERCISES 


1. Find the singular points of the following equations, and determine those 
which are regular singular points: 

(a) xy” + (x + 2)y’ —y = 0 

(b) 3a2y’’ + z*y' + 2xy = 0 

(c) zy" — 5y' + 32y = 0 

(d) zy" + 4y =0 

(e) (1 — 22)y" — 2xy' + 2y =0 

(f) (z? + z — 2)*y” + 3( + 2)y’ + (c — Dy = 0 

(æ) z^y" + (sin z)y' + (cos z)y = 0 


2. Compute the indicial polynomials, and their roots, for the following equa- 
tions: 
(a) z'y" + (z+ ay —y =0 
(b) zy" + zy’ + (2 — 2y = 0 
(c) 4z*y" + (4z* — 5x)y’ + (a? + 2)y = 0 
(d) zy” + (@ — 327)y’ + ey = 0 
(e) zy” + (sin z)y' + (cos z)y = 0 
3. (a) Show that —1 and 1 are regular singular points for the Legendre equa- 
tion 
(1 — z2)y" — 2zy' + a(a + 1)y = 0. 
(b) Find the indicial polynomial, and its roots, corresponding to the point 
gc]. 
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4. Find a solution $ of the form 
pls) =x" Diast, (x > 0), 
kag 
for the following equations: 
(a) 2y” + (à — ry +y =0 = (b) zy" +err y =0 
4. Second order equations with regular singular points—the general case 


Let us verify the last statement in Sec. 3 for x > 0. Suppose we have a 
solution ¢ of the form 


olz) = a em, — (m = 0), (4.1) 
kap 
for the equation 
xy" + a(z)zy' + b(z)y = 0, (4.2) 
where co co 
a(z) = >> akt", b(z) = 2. Batt, (4.3) 
k=O k= 


for |x| < ro Then 
(2) = 2 5; (k + r)o*, 
km 


$” (£) = ar > (k -- r) (E +r — 1)az*, 
=ð 


and hence 
ven = AB oS 
=g p Ba, (& = È 2 
za(r)$' (x) = 2° (È (k + rast)( m) 
= gr p ay, (a. = È (3 T r)eyan-i); 
ag! (2) = a p (k +r) (k +r — l)a. 
Thus 


L(¢) (x) = at X [(k + r) (E +r — l)a + & + Bib, 
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and we must have 
E EG +r)(k +r — 1) + ã + &] = 0, (k = 0,1, 2, sec), 


Using the definitions of &, B, we can write the bracket [[ J as 
k k 
Ch=(khtry(k+r—lat D (j +r) coi t 2568 
j= j- 
= [(k + r)(k +r — 1) + (k + r)a + Bole 


+ È [Cg +r) an; + Besley. 
For k = 0 we must have 
r(r — 1) + rao + Bo = 0, (4.4) 
since cy = 0. The second degree polynomial g given by 
a(r) ^ r(r — 1) + rae + Bo 


is called the indicial polynomial for (4.2), and the only admissible values of 
r are the roots of q. We see that 


[ k=a(r+k)q +d, = 0, (k = 1,2, ++), (4.5) 
where 


à = x CCI + r)a + Beilen (k =1, 2, +++). — (48) 


Note that d, is a linear combination of Co, Ci, +++, c& 1 with coefficients 
involving the known functions a, b, and r. Leaving r and c indeterminate 
for the moment we solve the equations (4.5), (4.6) successively in terms 
of co and r. The solutions we denote by C,(r), and the corresponding d, by 
D,(r). Thus 


E _ _ D,(r) 
Di(r) = (rei + 81)eo, Ci(r) = qr +1) +1)’ 
and in general 
Dlr) = 25 EG + rans + hi0, (4.7) 
2 Dr). - bee 
C.(r) = or +h’ (k = 1, 2, ). (4.8) 


The C, thus determined are rational functions of r (quotients of poly- 
nomials), and the only points where they cease to exist are the points 7 
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for which g(r + k) = 0 for some k = 1,2, ---. Only two such possible 
points exist. Let us define $ by 


(zr) = et? + x Ý C, (r)z*. (4.9) 
kel 
If the series in (4.9) converges for 0 < x < ra then clearly 


L(®) (2, r) = eog(r)2’. (4.10) 


We have now arrived at the following situation. If the ¢ given by (4.1) 
is a solution of (4.2) then r must be a root of the indicial polynomial q, and 
the c (k 2 1) are determined uniquely in terms of r and c to be the C;,(r) 
of (4.8), provided g(r + k) = 0, k = 1,2, ---. Conversely, if r is a root of 
q, and if the C,(r) can be determined (that is, g(r + k) #0 for 
k = 1, 2, +--+) then the function ¢ given by $(z) = (zx, r) is a solution of 
(4.2) for any choice of co provided the series in (4.9) can be shown to be 
convergent. 

Let ri, rz be the two roots of q, and suppose we have labeled them so that 
Rer, 2 Rer, Then g(r1 + k) #0 for any k =1,2,---. Thus C,(n) 
exists for all k = 1,2, +++, and letting co = Ce(ri) = 1 we see that the 
function $1 given by 


&iz) = a^ $s C ras, (Col) = 1), (4.11) 


is a solution of (4.2), provided the series is convergent. This will be proved 
in Sec. 5. 

If rz is a root of q distinct from ri, and q(r2 + k) #0 fork = 1, 2, -**, 
then clearly C;,(r2) is defined for k = 1, 2, ---, and the function ¢: given by 


gla) = 2 > C), — (Or) = 1), (4.12) 
ke 


is another solution of (4.2), provided the series is convergent. The condition 


qalre +k) #0 for k21,2,--- 
is the same as 
"tz Tk for k=1,2, +., 
Or ri — rs is not a positive integer. 


Notice that since ap = a(0), 8o = b(0), the indicial polynomial q can be 
written as 


a(r) ^ r(r — 1) t- a(0)r + (0). 
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Theorem 3. Consider the equation 
ay” + a(z)zy' + b(z)y = 0, 
where a, b have convergent power sertes expansions for 
Iz| «ro mm>0. 
Let rı, ro (Re ry 2 Re rz) be the roots of the indicial polynomial 
g(r) ^ r(r — 1) + a(0)r + b(0). 


For0 < | x | € rethere is a solution 4 of the form 


eo 


(2) = | z |" 2 ar", (c = 1), 


k-0 


where the series converges for | x | < ro. If rı — rs is not zero or a positive in- 
leger, there is a second solution ġa for 0 < |x| < 1 of the form 


d(x) = |r act, (& = 1), 
km) 


where the series converges for | z | < ro. 


The coefficients cy, & can be obtained by substitution of the solutions into the 
differential equation. 


As we have seen in (4.11), (4.12), the coefficients c, & appearing in the 
solutions 41, $» of Theorem 3 are given by 


Ck = C. (n), à = C, (r2), (k = 0, 1, 2, cee), 


where the C,(r), (k = 1, 2, ---), are the solutions of the equations (4.7), 
(4.8), with Cy(r) = 1. 

It is easy to check, as in the case of the Euler equation, that the calcula- 
tions made for x > 0 remain valid for x < 0 provided 2’ is replaced every- 
where by | {x |7. Thus all that remains to be proved in Theorem 3 is the 
convergence of the series involved in ¢; and $s. This will be done in Sec. 5. 

If 4 — rz is either zero or a positive integer we shall say that we have an 
exceptional case. The Euler equation shows that if rı = r; we must expect 
solutions involving log x. It turns out that even in the case when 7, — 7; 
is a positive integer log z may appear. In Sec. 6 we show how to obtain a 
solution associated with r: in the exceptional cases. 
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EXERCISES 


1. Find all solutions $ of the form 
$c) = |z È a, (2| > 0), 
k=0 
for the following equations: 
(a) 3z*y" + Sry’ + 3xy = 0 (b) z'y" + zy’ + ay = 0 
(c) z*y" + xy’ + (2? — d)y = 0 
Test each of the series involved for convergence. 
2. Consider the equation 
a*y" + ze*y' + y = 0. 
(a) Compute the indicial polynomial, and show that its roots are —i and i. 
(b) Compute the coefficients c, c», cs in the solution 


$(r) = at > ex, — (ep = 1). 


k= 


3. (a) Find a solution ¢ of the form 
$6) = |z -1 Dias ~ 1) 
k=0 


for the Legendre equation 
(1 — a?yy" — 2zy' + o(o + 1)y = 0. 


For what values of x does the series converge? (Hint: Do not.divide by + 1 
and multiply by xz — 1, but note that x = (x — 1) + 1. Express the co- 
efficients in terms of powers of x — 1.) 

(b) Show that there is a polynomial solution if a is a non-negative integer. 


4. The equation 
zy" + (1 — zy + ay = 0, 
where a is a constant, is called the Laguerre equation. 
(a) Show that this equation has a regular singular point at z = 0. 


(b) Compute the indicial polynomial and its roots. 
(c) Find a solution ¢ of the form 


p(z) = x > cuz. 
imo 


(d) Show that if a = n, a non-negative integer, there is a polynomial solu- 
tion of degree n. 
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5. (a) Let L4 denote the polynomial 
d^ 
Lal) = e d ("e 7). 


Show that L, satisfies the Laguerre equation if a = n. This polynomial is 
called the n-th Laguerre polynomial. (Hint: See the treatment of the Legendre 
polynomials on p. 135.) 
(b) Compute Lo, Li, Le. 


*5. A convergence proof 


The proof that the series involved in Theorem 3 converge for | x | < 7% 
is similar to the proof of Theorem 12, Chap. 3 (Sec. 9, Chap. 3). Under 
consideration is the equation 


xy” + a(z)zy' + b(z)y =0, 
with 


alz) = >> car, b(t) = >> Bæ, (5.1) 
ket kad 
where these series converge for |x| < ro for some 7% > 0. The indicial 
polynomial q is given by 

g(r) = r(r — 1) + aor + By, (5.2) 


and its two roots are rı, r; with Rer, = Rer 


The series we must show to be convergent are determined from 


$ ene, (5.8) 
k=0 


where the C,(r) are given recursively by 


Co(r) = 1, 
alr + G(r) = — > [G + rons + Bede), — (54) 


(k = 1,2, +++); 


see (4.7), (4.8). We must prove that the series (5.3) converges for | z | < 7o 
ifr — 7, and ifr = 7,, provided 71 — r; is not a positive integer. 
We note that 
q(r) = (r—n)(r— n), 
and hence that 
a(r + k) = k(k --m — ro), 


aln + k) — k(k +r — n). 
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Therefore 
Ign k) | z k(k— įr- r|), 


| a(rs + k) | Ez k(k — |r— r|). 


Now let p be any number satisfying 0 < p < ro. Since the series in (5.1) 
are convergent for | z | = p there is a constant M > 0 such that 


|a;| P S M, | B;| of S M, (j = 0, 1, 2, +). (5.6) 
Using (5.5) and (5.6) in (5.4) we obtain 


(5.5) 


k(k —|n — ra|) | Ca(7) | SM 3 (3 1-|InD»^* Cin), (5.7) 
(k = 1,2, **-). 
Let N be that integer satisfying 
N—-1s|n-n|«N, 
and let us define yo, Yı, «++ by 
yo = Co(n) = 1, ye = | €x), (k = 1,2,++-,N — 1), 


and 
Kt -Im-nDn-M X G-1-inDe^ (58) 
(kE—N,N-1,---). 
Then comparing the definition of the y, with (5.7) we see that 
IG (rl S ve, (k =0,1,2, +++). (5.9) 


We show that the series 
$a (5.10) 
kap 


is convergent for | x | < p. Replacing k by k + 1 in (5.8) we obtain 
plk +1)(k +1 — |r — r| )y = [k(k —| i r|) 


+M(k+1+ ||) Jy 
for k 2 N. Thus 


_ [k(k — |n — r D) -- M(k 4-14 Im1)] 


yia tht! 
Due 7 |l 


yer plk + 1)(k +1 ~-— [nn —7)) 


which tends to | z | /p as k — œ. Thus, by the ratio test, the series (5.10) 
converges for | z | < p. 
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Using (5.9) and the comparison test we see that the series 
> Cln), — (Cn) = 1), 
k= 


converges for | x | < p. But since p is any number satisfying 0 < p < 7 we 
have shown that this series converges for |x| < ro. 
The same computations with 7, replaced by 7, everywhere show that 


> Oe)s, (Clr) = 1), 
kad 


converges for | x | < re, provided 7; — rz is not a positive integer. 


6. The exceptional cases 


We divide the exceptional cases into two groups according as the roots 
Tı T (Re ry 2 Rer) of the indicial polynomial satisfy 


(i) m7, 
(ii) 1 — 7 isa positive integer. 


We try to find solutions for0 < x < ry. Weare going to work in a purely 
formal way in order to discover the form that the solutions should take. 
For such x we have from (4.9), (4.10) 


L($)(z,r) = eg(r)z, (6.1) 
where 6 is given by 
B(x, r) = eat + at SY Cr). (6.2) 
kel 
The C,(r) are determined recursively by the formulas 
Co(r) = cy ¥ 0, 
g(r + k) Ci (r) = —D.(r), (6.3) 


D,(r) = X [C7 + 1) on; + Br; ]C;(T), (k = 1, 2, ...); 


see (4.7), (4.8). 
In case (i) we have 


a(n) =0,  q'(n) =9, 
and this suggests formally differentiating (6.1) with respect to r. We 
obtain 
od 
(=) (z, T) 


cog’ (r) + (log x)q(r) Te", 


ð 
=> L(8) (s, r) 


t 
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and we see that if r = 71 = re, cy = 1, then 
oc 
$»(x) = UL (x, rı) 
or 


will yield a solution of our equation, provided the series involved converge. 
Computing formally from (6.2) we find 


gala) = an YS Ch(n)at + (log z)a 5 Cur) 
k=O k=l 


an $> Cilr)at + (log z)&i(2), 
k= 
where ¢ is the solution already obtained: 
&i(z) = z” DO (r)a, — (Ca(1) = 1). 
ko 


Note that C, (r1) exists for all k = 0, 1, 2, «++, since C; is a rational function 
of r whose denominator is not zero at r = rı. Also Cy(r) = 1 implies that 
C,(r) = 0, and thus the series multiplying x"! in 4» starts with the first 
power of z. 

Let us now turn to the case (ii), and suppose that rı = r2 + m, where 
m is a positive integer. If cy is given, 


Cira), ***,; Cur?) 
all exist as finite numbers, but since 
a(r --m)Cs(r) = — D«(r), (6.4) 
we run into trouble in trying to compute C,(r;). Now 


g(r) = (r—-n)(r—n), 
and hence 
q(r +m) = (r— n)(r--m-— n). 


If D,(r) also has r — reas a factor (i.e., D4(r?) = 0) this would cancel the 
same factor in q(r + m), and (6.4) would give C, (1?) as a finite number. 
Then 

Cti(72), Cm42(72), 


all exist. In this rather special situation we will have a solution ¢: of the 
form 


di(z) = an X Clr), (Clr) = 1). 


We can always arrange it so that Dm(r2) = 0 by choosing 


Co(r) =r — s. 
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From (6.3) we see that D,(r) is linear homogeneous in 
Cw), +++, Can), 


and hence D, (r) has Cy(r) = r — r: as a factor. Thus C, (r?) will exist as a 
finite number. Letting 


P(x, r) = x X C,(r)s, — (Cr) =r — ra), (6.5) 
we find formally that 
L(Y)(z,r) = (r — rq(r)z. (6.6) 
Putting r = r; we obtain formally a solution y given by 
y(z) = V(z, 7%). 


However Co(r2) = Ci(re) = ++» = Cu a(r;) —0. Thus the series for y 
actually starts with the m-th power of z, and hence y has the form 


V(x) = ro (x) = a"c(x), 


where e is some power series. It is not difficult to see that y is just a constant 
multiple of the solution ¢ already obtained. 

To get a solution really associated with r: we differentiate (6.6) with re- 
apect to r, obtaining 


i). 


q(r)x" + (r — ro) [a (r) + (log z)g(r) Je. 
Now letting r = rs we find that the $; given by 


= L(Y) (2,7) 


ov 
ds (2) = or (z, T2) 
r 
is a solution, provided the series involved are convergent. It has the form 
p(x) = 1" J, Cilra)at + (log z)z 5, Ce (ra), 
ke k-o 
where Cs(r) = r — ra Since 
Co(r2) = *** = Cua) = 0, 
we may write this as 


dim) = a7 È CL(r))a* + c (log x) (2), 


where c = C,, (T2). 
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The method used in this section to obtain solutions is called the 
Frobenius method. All the series obtained converge for | zx | < 7, and the 
$: computed formally will be a solution in both the cases (i) and (ii). This 
requires justifying the differentiating of the various series term by term 
with respect to r, and this can be done. 

Another approach which leads to & justification of the results is the 
following. Once we have discovered what form a second solution $; should 
take, we can substitute this back into the equation and compute the coeffi- 
cients of the various series involved. Then a proof of the convergence of 
these series can be patterned after the convergence proof in Sec. 5. We omit 
this proof. 

Solutions for z < 0 can be obtained by replacing 


x, 2x, logz 
everywhere by 
alr, |z|, log |x| 


respectively. We summarize our results in the following theorem. 


Theorem 4. Consider the equation 
z'y" + a(z)zy' + b(z)y — 0, 


where a,b have power series expansions which are convergent for | x | < re, 
ro > 0. Let ry, re (Re rı 2 Re re) be the roots of the indicial polynomial 


q(r) =-r(r — 1) + a(0)r + b(0). 


If rı = r: there are two linearly independent solutions di, ¢2 for 0 < | x | < ro 
of the form 


g(x) = | z o(s),  éxz) —]|z[rHos(z) + (log |x| g(x), 


where ei, oz have power series expansions which are convergent for | z | «Tw, 
and o (0) ~ 0. 

If ry — re is a positive integer there are two linearly independent solutions 
$1, $2 for 0 <| z| < ro of the form 


gi(z) = |z|"n(z), 
éx(z) = | æ |"es(z) + e(log | x| )¢i(z), 
where o1, oz have power series expansions which are convergent for 
[zx] <r, o1(0) #0, o2(0) ¥0, 


and c is a constant. It may happen that c = 0. 
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The proof of the linear independence of $1, $; will be left as an exercise 
for the student. 

In our reasoning before the statement of Theorem 4 we have shown how 
the coefficients in the power series c1, c; may be computed in each of the 
exceptional cases. In trying to solve & particular equation, an alternate 
procedure is to determine the appropriate form of the solutions (by analys- 
ing the roots of the indicial equation), and then to substitute these back 
into the equation to determine the required constants. We illustrate this 
method with an important equation in the next two sections. 


EXERCISES 


1. Consider the following three equations near x = 0: 

(i) 2zy" + (5x + 2*)y’ + (2? — 2)y = 0 

(ii) 4zx*y" — 4ze"y' + 3(cos z)y = 0 
(i) (1 — rey” 4 3(¢ + 2*)y’ +y = 0 

(a) Compute the roots rı, r2 of the indicial equation for each relative to 
z= 0. 
(b) Describe (do not compute) the nature of two linearly independent 
solutions of each equation near z = 0. Using the notation of Theorem 4, de- 
termine the first non-zero coefficient in o2(x) if rı = r», and determine 
whether c = Qin case rj — rz is a positive integer. 


2. Consider the equation 
vy! + zy! + (2? -a)y = 0, 


where a is a non-negative constant. 
(a) Compute the indicial polynomial and its two roots. 
(b) Diseuss the nature of the solutions near the origin. Consider all cases 
carefully. Do not compute the solutions. 


8. Obtain two linearly independent solutions of the following equations which 
are valid near x = 0: 

(a) zy” + 3zy' + (1 -- z2)y =0 

(b) ty” + 22^, -2y = 0 

(c) z'y" + Say’ + (8 — 2)y - 0 

(d) zy" — 2z(x + Dy' + 2(z + Dy =0 

(e) z*y" + ay’ + (z? -iy =0 

(E) zy" — 2z*y' + (42 ~ 2)y = 0 


4. Show that the solutions $1, ¢2 in Theorem 4 are linearly independent for 
0 « z «T, 


5. Show that W(x, r2), where Y is given by (6.5), isa constant times ¢:(2), 
where ¢1 is given by 


di) = 2" 3 CURA (Clr) = 1). 
k=O 
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6. Consider the equation 
ay’ + a(z)y = 0, 
where 


oo 


alx) = >> az, 


kal 


and the series converges for | z | < re, ry > 0. 
(a) Show formally that there is a solution $ of the form 
$() = 2" Di cart, —(«- 1), 


k-0 


where r + ag = 0, and x > 0. 
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(b) Prove that the series obtained converges for |x| < ro. (Hint: Use the 


method of Sec. 5.) 
7. Consider the equation 


zy” + a(x)zy’ + b(z)y = 0, 


(*) 


where a, b have power series expansions which are convergent for |x| < ro, 
To > 0. Let rı, r2 be the roots of the indicial polynomial, Re rı 2 Re rs. Let $1 


be a solution for x > 0 corresponding to rj: 
(x) = ze), — (e0)- 1), 


where c; has a power series expansion valid for |x| < ro. 


(a) Let $ be any other solution of (*), and suppose à. = u$. Show that 


v = wu’ satisfies the equation 


zv + [on + a(x) + za, = 0 
oi (x) 


(n) 


(b) Since o{/o, has a power series expansion on some interval | z| < fo, 


fa > 0, show that the v satisfying (**) has the form 


k-0 


where the power series converges for |x| < pe, where po is the smaller of 


the two numbers, ro, 7o. (Hint: Ex. 6.) 


(c) Using the results of (a), (b) show that a second solution $» of (*) exists 


of the form 


$2(z) = c (log z)ji(z) + z"es(x), | (r0) 


where c is a constant, and e; has a power series expansion which converges 


for|z| < po. 
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7. The Bessel equation 


If ais a constant, Rea = 0, the Bessel equation of order ais the equation 
vy" + xy’ + (2? — o)y = 0. 
This has the form 
ay” + za(z)y' + b(x)y = 0, 
with 
a(x) = 1, b(r) = 2? — o. 
Since a, b are analytic at x = 0, the Bessel equation has the origin as a regu- 
lar singular point. The indicial polynomial q is given by 
g(r) =r(r— 1) +r- æ =r — æ, 
whose two roots ri, 72 are 
n = a, Ta = = (X. 
We shall construct solutions for z > 0. 

Let us consider the case a = 0 first. Since the roots are both equal to 
zero in this case it follows from Theorem 4 that there are two solutions $1, $» 
of the form 

di(z) = n(z), (xz) = ze(z) + (log x) di (2), 
where oi, ez have power series expansions which converge for all finite v. 
Let us compute oi, o2. Let for the moment 


L(y) = z'y" +y + zy, 
and suppose 


eo 


olx) = 2 cyt, (es # 0). 


st) 
We find 
a(s) = 2, koa, 
kmj 
ei'(2) = Y k(k — lew, 
kæp 
and hence 


te!’ (2) = Y k(k — les’, 
ku? 


zoi (z) = > kerh = ae + > ke,x*, 


kel km2 


> orb = > Cko. 
ko k=? 


zolz) 
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Thus 
L(o) (x) = Qx + p> (EK (k — 1) T 33 + C2] z* = 0. 


We see that 
€) = 0, 


[k(k — 1) Fk] + 62 70, (kh = 2,3, +++). 


The second set of equations is the same as 


"ES SF, (k = 2,8, +++). 
The choice c = 1 implies 
1 Ce 1 
CTT "7 7p gast 
&nd in general 
moD O P 


22-42 ... (2m)? — 2i"(mt)?' 
Since cı = 0 we have 


C3 = Co = eee = 0. 
Thus e; contains only even powers of x, and we obtain 


_ (— 1) "zn 
oilz) 3n 2?" (m!)? , 

where as usual 0! = 1, and 2° = 1. The function defined by this series is 
called the Bessel function of zero order of the first kind and is denoted by Jo. 
Thus 


Joe) = È els) 


moet) 


It is easily checked by the ratio test that this series indeed converges for ali 
finite x. 

We now determine a second solution $4; for the Bessel equation of order 
zero. Letting $1 = Jo this solution has the form 


di) = ies + (log x)¢:(z),  (¢ = 0). 
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We obtain 
£ 
éx(z) = » ke,z*? + oils) + (log z)¢;(z), 
1 


sie) = Sate caes t6) 
k=2 


Thus 
L ($2) (x) 


+ a) + (log z)$i' (z). 


zp, (x) + zé;(r) + zx) 


ex + Por + > (ke, + c,-2)2* 
ku 


+ 2xé1(z) + (log z) L(¢1) (2), 
and since L(¢:) (z) = 0 we have 


eo (— (—1)"2ma?" 
az + 2er? k? —:) 2 = —2 . 
iz + oe? + 2. ( Ck + €. 2) DEED 27^ (m1)? 
Hence 
e = 0, 2c. = 1, 3e +c, = 0, eee, 
and we see that since the series on the right has only even powers of 2, 
€0 = = Cts = eee = 0. 
The recursion relation for the other coefficients is 
( — 1) mola, 


meg (255 


(2m) "Com + Com—2 = 


We have 


1 1 1/1 1 1 1 
ce = sz za + 3) + zs) = zl tzt 3) Un 


and it can be shown by induction that 
_ (=) 
(— 23^ (m!)2 


The solution thus determined is called a Bessel function of zero order of the 
second kind, and is denoted by Ky. Hence 


K(x) = -5 - 


n= (mt) 


(ieieecIh m=) 
m 


1\/z\? 


A + = +. + SP + (log x) Jo(z). 


Using the ratio test it is easy to check that the series on the right is con- 
vergent for all finite x. 
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EXERCISES 


1. Prove that the series defining J) and Ko converge for |z| < o. 


2. Suppose ¢ is any solution of 
zy" + ay +y =0 
for z > 0, and let y(x) = z!"$(x). Show that y satisfies the equation 


wy” + (2? + iy =0 
for z > 0. 


8. Show that Jo has an infinity of positive zeros. (Hint: If Yoz) = z!*Je(x), 
then yo satisfies 
1 
" 1+-—ly 29, > 0). 
y” + | +7 sh (x > 0) 


The function x given by x(x) = sin z satisfies y" + y = 0. Apply Ex. 4 of 
Sec. 4, Chap. 3, to show that there is a zero of Jo between any two positive 
zeros of x.) 


4. (a) If A > O and d)(z) = x/2J (Az), show that 
at 1 * 
$ + "m zn A. (*) 


(Hint: Apae) = Por), where Yo is defined in Ex. 3.) 
(b) If , u are positive constants, show that 


1 
Qi — 2) I gala )bu(z) dz = AELA) — $4 (91D. 


(Hint: Multiply (*) by ġa, and multiply 


2201 
pa + n = -ppp 
by $5, and subtract to obtain 
(Grd; — Gyr)’ = OA? — i)». (**) 


Integrate from 0 to 1.) 
(c) IfX + wand Jo(A) = 0, Jolu) = 0, show that 


1 1 
f da(z)ó.(z) dz = f ad o(Ax)Jo(uz) dz = 0. 
0 0 
5. Using the notation of Ex. 4 show that if Jo(A) = 0 then 


1 1 1 
] $9 às = | aon as IP. 
0 0 


172 Linear Equations with Regular Singular Points Chap. 4 


(Hint: Relation (**) in Ex. 4, (b), is valid for any positive and u. Differentiate 
this with respect to A, and then set u = A to obtain 


LN Op 

ET «(a 23] f = 2j 
Integrate from 0 to 1.) 
6. If \ > 0 is such that Jo(À) = 0, prove that Jo(À) = 0. (Hint: If JA) = 
Jo) = Othe uniqueness theorem would imply Jo(r) = 0 for x > 0. Alter- 
nately, use Ex. 5.) (Remark: The result of this exercise can be used to show 
that the positive zeros of Jo are denumerable, that is, they may be put into 
a one-to-one correspondence with the positive integers.) 
7. Show that J satisfies the Bessel equation of order one 

vy” + ay’ + (x? — ly = 0. 
8. Since Jo(0) = 1, and Jo is continuous, Jo(z) » 0 in some interval 0 < 
x <a,forsomea > 0. Let 0 < to « a. 


(a) Show that there is a second solution œz of the Bessel equation of order 
zero which has the form 


$»(x) = ne f E ma d, (0<z <a), 


(b) Show that Jo and 4» are linearly independent on 0 < x « a. 


8. The Bessel equation (continued) 


Now we compute solutions for the Bessel equation of order o, where 
a Æ 0, and Rea 2 0: 


L(y) = zy” + zy' + (2? — o?)y = 0. 


As before we restrict attention to the case z > 0. The roots of the indicial 
equation are 


M1 = a, T2 = — a. 


First we determine a solution corresponding to the root ri = o. From 
Theorem 3 such a solution ¢; has the form 


(x) = x" > Cyr, (ey = 0). 
per 
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We find, after a little calculation, that 
L($1) (z) = Orct + [(o + 1)? — e? Jaret 


+ ae Y {Cla + k)? — aer + eral = 0. 
km? 


Thus we have 
a = 0, 


Cla +k)? — o?] 4-62 — 0, (k =2,3,-+-). 
Since 
(a +k)? — a? = k(2a +k) #0 for k =2,3,--:, 
and c = 0, it follows that 


Cy = Cg = Cp = *** = 0. 


We find 
=- Ü uo 9 . 
= 3a + 2) Pla +1)’ 
a= -— Ê MM 
1 4(2a 4-4)  29(a + 1)(a + 2)’ 
C4 Co 
Cs = 


6(2a +6) 23a + 1) (a + 2) (æ + 3)’ 

and, in general, 

LLL Vo | 
2?nm!(a + 1) (a + 2) «+s (a +m)’ 

Our solution thus becomes 


Com 


(—1) "22" 


= nas aS NT Al 
di(z) = cox + oo 2 demi 1) (am (8.1) 
For a = 0, co = 1, this reduces to Jo(z). 
It is usual to choose 
1 
= ————— 8.2 
^» = 2«T (a +1)’ (8.2) 


where T is the gamma function defined by 
r(z) = [ e *z* dz, (Rez > 0). 
a 


It is readily seen that 
T(z 4-1) —zr(z). (8.3) 
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Índeed, integrating by parts, we have 


T 
r(z4-1)-2 lim f ez dz 
Tom “0 


T T 
-sgm d 
x e z| 


lim | = re 


Taw 


T 
z lim f ez dz = zT (2), 
0 


T» 


since T*e-7 — 0 as T — œ. Also, since 
ra) = f^ eds = 1, 
0 


if z is a positive integer n, 
T(n 4-1) =n!. 


Thus the gamma function is an extension of the factorial function to num- 
bers which are not integers. 

The relation (8.3) can be used to define T(z) for z such that Rez < 0, 
provided z is not a negative integer. To see this suppose N is the positive 
Integer such that 


—-N<RezsS -N+1. 
Then Re (z + N) > 0, and we can define T(z) in terms of T(z + N) by 


r(z +N) 
z(z 4-1) +++ (z-N —1)' 


provided z = —N + 1. The gamma function is not defined at 0, —1, —2, 

Returning to (8.1), if we use the c given by (8.2) we obtain a solution 
of the Bessel equation of order a which is denoted by Ja, and is called the 
Bessel function of order a of the first kind: 


J.(2) = Bl SOD" — 3 (Rea z 0). (84) 
. naw m'T(m + a + 1) , nM ` 
Notice that this formula for Ja reduces to Jo when a = 0, since 
r(m+1l)=m!. 
There are now two cases according as 7; — 7» = 2a is a positive integer 
or not. If 2o is not a positive integer, by Theorem 4 there is another solution 
$a of the form 


T(z) = (Rez < 0), 


p(x) = zr > a 
per] 
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We find that our calculations for the root rı = a carry over provided only 
that we replace a by —« everywhere. Thus 


10) =()" Erma) 


gives a second solution in case 2a is not a positive integer. 

Since T(m — a +1) exists for m = 0, 1, 2, ***, provided a is not a 
positive integer, we see that J , exists in this case, even if r1 — rs = 2a 
is & positive integer. This is the rather special case we mentioned in the 
proof of Theorem 4. Thus, if o is not zero or a positive integer, Ja and 
J_. form a basis for the solutions of the Bessel equation of order æ for 
c0. 

The only remaining case is that for which a is a positive integer, say 
a = n. According to Theorem 4 there is a solution $; of the form 


$(r) = z7 » cz + c (log x) Js (x). 
We find that 
L(&:)(z) = ze; (x) + xgo(x) + (2 — n)ex(2) 
= O0-ex + [(1-n) — n Jen! 
+ am DAC — m* — ns + orale 
+ 2ezJ,(x) + c (log x) L(J.) (£) = 0, 


and since L(J4) (x) = 0 we have, on multiplying by z^, 


(1 — 2n)ez + >> [k(k — 2n)e + eas ]* 
k= 


= —2c Y. (2m + n)damz?™tn, (8.5) 
meo 
Here we have put 
Jala) = 3, diano, 
me) 


and hence 
L2 CV” 
21mm + n)! 


The series on the right side of (8.5) begins with z?", and since n is a positive 
integer we have e = 0. Further, ifn > 1, 


k(k — 2n)o, + Cho = 0, (k = 2, 3, eee, 2n — 1), 


dom (8.6) 
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and this implies 
Cy = Cg = Cg = eee = Coni = O, 
whereas 


o = — as — MM 
t n — 1)? “An — 1) (n — 2)’ 
and in general 


MEN NEN 
Zn —1)-- (mw — J) 


Cnj » (4712,*,n-—1). (87) 


Comparing the coefficients of z?” in (8.5) we obtain 


Lt 
2731(n — 1)! 


On the other hand from (8.7) it follows that 


Con—2 = —2cndo = 


Cn? 7 Dafn — D)K(n — 1)! 
and therefore 
Co 
c= ~21(n — DU (8.8) 


Since the series on the right side of (8.5) contains only even powers of x 
the same must be true of the series on the left side of (8.5), and this implies 


Con41 = Ong F ttt S 0. 
The coefficient cs, is undetermined, but the remaining coefficients 
Con425 C2n44; eee 
are obtained from the equations 


2m (2n + 2m) Contam F Cont2m—2 = — 2c(n + 2m) dom, (m = 1,2, ***). 


For m = 1 we have 


cd; 1 Con 
Oma = E uen ;) ^ 4(n 1) 


We now choose c», so that 


Con cd, 
4(n +1) 2u + 
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Since 4(n + 1)d; = —dh, 


With this choice of c, we have 


cd, 1 1 
mst = -Hh +i +t +) 


For m = 2 we obtain 
_ 2C 1 ) Conse 
Comet = — Oa + 4 a) BB (n +2)" 


Since 2-2- (n + 2)d, = —dh, 


O ma h VERE 
DED 7 aitits+ + ) 


and therefore 


cd 1 1 1 
ma = SSH Lt Stee + J 


It can be shown by induction that 


Chom 1 1 1 1 
Con 42m - (1 + 2 + + =) + (1 + 2 T. "d =) 
(m = 1,2, e+). 


Finally, we obtain for our solution ¢. the function given by 


n—1 2s 


dia) mot bem Dex) (8 


+ c (log x) Jn (x); 


where co and c are constants related by (8.8), and d», is given by (8.6). 
When c = 1 the resulting function s is often denoted by Kn. In this case 


€ = — 2"7!(n — 1)!, 
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and therefore we may write 


K,(z) = XS) ps e-i Dy 


j! sif 


— Salt +3 ui S) 
S uere tat +) 


+ (t+ pte RA + dogas. 


This formula reduces to the one for Ko(z) when n = 0, provided we inter- 
pret the first two sums on the right as zero in this case. The function K, 
is called a Bessel function of order n of the second kind. 


EXERCISES 


1. (a) Prove that the series defining Ja and J_. converge for |z| < œ. 
(b) Prove that the infinite series involved in the definition of K, converges 
for| z| < œ. 


2. Let $ be any solution for z 7 0 of the Bessel equation of order « 
zy" + ay +è — ay =0, 
and put y(x) = z'"$(z). Show that V satisfies the equation 


"sie EZE] 0 
y == 


for x > 0. 
3. (a) Show that 
zr = 5 sin x. 
(b) Show that 


Jane) = 


cos T. 


xb 


(Hint: From Ex. 2, y(x) = = UJ) satisfies Y” + Y = 0 for z > 0, and 
eoe W(x) = cı cos z + cs sin x, where cı, cs are constants. Show that 
= 0 and c; = V2/T (À).) (Note: It can be shown that (3) 4/7.) 


4. o Show that Jo(z) = —Ji(z). 
(b) Show that Ko(z) = —Xi(a). 
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5. Prove that between any two positive zeros of Jo there is a zero of Jy. (Hint: 
Use Ex. 4(a), and Rolle's tl. orem.) 


6. Show that if a > 0 then Ja has an infinity of positive zeros. (Hint: Tf 
W(x) = tJ a(x) then y satisfies 


y" + 8(x)y = 0, (*) 
where 


@) 145, 
B(r) = 1 + 2 


see Ex. 2. For all large enough z, say x > zo, B(x) > 1. Compare (*) with the 
equation 
y" + iy =0 
satisfied by x(x) = sin (z/2). Apply the result of Ex. 4 of Sec. 4, Chap. 3.) 
7. For a fixed, a > 0, andà > 0, letda(z) = 1? J az). Show that 


i-o 
rr 4 = X2 
ha + | 2 P X $i. 
(Hint: ¥*g,(z) = V (Ax), where y is defined in Ex. 6.) 
8. If), u are positive, show that 


1 
QO? — 22) f grlz)bule) ds = d3(D/() — (GC). 


(Hint: Use Ex. 7 to show that 
Prpa — pubi = Gru — pup) = (X — Wdrby, (*) 
and then integrate from 0 to 1.) 


9. Ifa > 0, and ^, u are positive zeros of J «a, show that 
1 1 
f exes.) da = f a 0n) de = 0, 
0 0 
if\ x u. (Hint: Ex. 8.) 
10. If 5 0,4 > 0, and Ja) = 0 show that 
1 1 
f e às = f 27202) às = 40008. 
0 0 
(Hint: Differentiate (*), in Ex. 8, with respect to À and then put p = A to 
obtain 
06) " ei 2 
->h — oM- = Ah- 
[ ar Pa — or ar Pr 
Integrate from 0 to 1.) 
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11. Define 1/T (k), when k is a non-positive integer, to be zero. Show that if 
n is a positive integer the formula for J_,(x) gives 


J—n(z) = (—-1)J4(). 


12. (a) Use the formula for J,(x) to show that 


(Ja) (2) = wed, (x). 
(b) Prove that 
(zJ4) (x) = ~J a12). 


13. Show that 
Ja-1(t) — Jaa(z) = 23a (2), 
and 
J a—1(2) + J a41(%) = 2ax7 "J (x). 


(Hint: Use the results of Ex. 12.) 


14. (a) Show that between any two positive zeros of J, there is a zero of 
Ja44. (Hint: Use Ex. 12(b), and Rolle's theorem.) 


(b) Show that between any two positive zeros of J441 there is a zero of 
Ja. (Hint: Use Ex. 12 (a), and Rolle's theorem.) 
9. Regular singular points at infinity 
Often it is of interest to investigate solutions of an equation 
L(y) = y" t a(z)y' + as(z)y =0 (9.1) 
for large values of | z | . A simple way of doing this is to make the substitu- 
tion x = 1/t, and study the solutions of the resulting equation near ¢ = 0. 
Then, for example, the results on analytic equations and equations with & 


regular singular point at £ = 0 can be applied. 
If ¢ is à solution of (9.1) for | z | > ro, for some ro > 0, let 


s =a) a= al), aw = a) 


These functions will exist for | t | < 1/ro, and 


DE NE 
als) = tgp © t2? qc O 
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Since from (9.1) 
ei) + ao) + « C = e 


e$" (t) + [26 — Pat) 9 (0 --à(06(0 = 0, 


where now the prime denotes differentiation with respect to t. Thus ¢ 
satisfies the equation 


Ely) = tty” + [28 — Pà (0 ]y' + &(t)y = O0. (9.2) 


Conversely, if ¢ satisfies L(y) = 0 the function ¢ will satisfy L(y) = 0. 
The equation (9.2) is called the induced equation associated with L(y) = 0 
and the substitution + = 1/t. 

We say that infinity is a regular singular point for (9.1) if the induced 
equation (9.2) has the origin ¢ = 0 as a regular singular point. Writing 
(9.2) as 


we have 


ix (t fio (t 
Py" + (2 - 2 377 t 2 y -0 
we see that L(y) = 0 has ¢ = 0 as a regular singular point if and only if 
&,/t and ã:/ť are analytic at t = 0. This means that 


alt) =t” at, a(t) =e È pt, 
kal kal 


where the series converge for |t| < 1/ro, ro > 0. Translated into a condi- 
tion involving a, a; this means that 


-l$- ~1 Sh 
a(z) 7 " T a»(x) ni "m = " 


where these series converge for | z | > ro. Thus infinity is a regular singular 
point for (9.1) if and only if (9.1) can be written in the form 


ry” + a(x)ay’ + b(z)y = 0, 


where a, b have convergent power series expansions in powers of 1/z for 
|x| > ro for some n > 0. 
The simplest example of an equation with a regular singular point at 
infinity is 
zy" taxy +by =0, 


where a, b are constants; namely, the Euler equation. Thus this equation 
has the origin and infinity as regular singular points, and it is clear that there 
are no other possible singular points. 
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An example of an equation with three regular singular points (and no 
others) is the hypergeometric equation 


(z — a2)y" + [y — (e +8 + Dx ]y' — ay = 0, 


where a, B, y are constants. It is readily checked that 0, 1, and infinity are 
regular singular points. 


EXERCISES 


1. Show that infinity is not a regular singular point for the equation 
y" 4- ay’ + by = 0, 
where a, b are constants, not both zero. 
2. Show that infinity is not a regular singular point for the Bessel equation 
vy! + xy’ + (2? -ey = 0. 
3. (a) Show that infinity is a regular singular point for the Legendre equation 
(1 — 22)y" — 2zy' + ala + ly = 0. 
(b) Compute the induced equation associated with the Legendre equation 
and the substitution z = 1/4, 
(c) Compute the indicial polynomial, and its roots, of the induced equation. 


4. Find two linearly independent solutions of the equation 


(1 — y" — 2zy' + 2y = 0 
of the form 


eo 
x > cpa * 
kmp 


valid for | x | > 1. (Hint: Use Ex. 3 witha = 1.) 
5. (a) Suppose ¢ is a solution of the Legendre equation of order p 
(1 — 2)y"’ — 2zy' + p(p + Uy = 0, 
and let Y(t) = ¢(2¢ — 1). Show that y satisfies the equation 
 — Py” + (1 — 20y' + plp + Dy = 0. e 
(b) Verify that the equation (*) is a hypergeometric equation with 


a-ptl B=-p yet. 
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6. (a) Compute the indicial polynomial relative to the origin for the hyper- 
geometric equation. 
(b) Obtain a solution $ of the hypergeometric equation of the form 


plz) = zx »» eux, 
puri 


if y is not zero or a negative integer. 


7. Consider the equation 
zy" + 2ry' — n(n + ly = 0, 
where 7 is a non-negative integer. 


(a) Show that infinity is a regular singular point. 
(b) Compute a solution $ of the form 


eo 


olz) =a" > ec. 


k=O 


CHAPTER 5 


Existence and Uniqueness 
of Solutions to First 


Order Equations 


1. Introduction 


In this chapter we consider the general first order equation 
y = f(z,y), (1.1) 


where f is some continuous function. Only in rather special cases is it possible 
to find explicit analytic expressions for the solutions of (1.1). We have al- 
ready considered one such special case; namely, the linear equation 


y = g(x)y + h(a), (1.2) 


where g, h are continuous on some interval J. Any solution ¢ of (1.2) can 
be written in the form 


lx) = ee) f e- Oh (1) de + cee), (1.3) 


zo 
where 


Q(a) = f g(t) at, 


zo is in J, and c is a constant (see Chap. 1). In Secs. 2 and 3 we indicate 
procedures which can be used to solve other important special cases of 
(1.1).* 


* An excellent compendium of special equations and.their solutions appears in the 
book by E. Kamke, '' Differentialgleichungen— Lósungsmethoden und Lösungen, vol. I, 
reprinted by J. W. Edwards, Ann Arbor, Mich. (1945). 
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Our main purpose is to prove that a wide class of equations of the form 
(1.1) have solutions, and that solutions to initial value problems are unique. 
If f is not & linear equation there are certain limitations which must be ex- 
pected concerning any general existence theorem. To illustrate this consider 
the equation 


Here f(z, y) = y?, and we see f has derivatives of all orders with respect to 
x and y at every point in the (z, y)-plane. A solution $ of this equation 
satisfying the initial condition 


¢(1) = —1 


is given by 
1 
$(x) = TT: 
x 


as can be readily checked. However this solution ceases to exist at z = 0, 
even though f is a nice function there. This example shows that any general 
existence theorem for (1.1) can only assert the existence of a solution on 
some interval near-by the initial point. 

The above phenomenon does not occur in the case of the linear equation 
(1.2), for it is clear from (1.3) that any solution ¢ exists on all of the interval 
I. This points up one of the fundamental difficulties we encounter when we 
consider nonlinear equations. The equation often gives no clue as to how 
far & solution will exist. 

We prove that initial value problems for equation (1.1) have unique 
solutions which can be obtained by an approximation process, provided f 
satisfies an additional condition, the Lipschitz condition. We- first concen- 
trate our attention on the case when f is real-valued, and later show how 
the results carry over to the situation when f is complex-valued. 


2. Equations with variables separated 


A first order equation 
y = f(x,y) 


is said to have the variables separated if f can be written in the form 
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where g, h are functions of a single argument. In this case we may write our 
equation as 


ra) Ë = 9(2), (2.1) 


or 
h(y)dy = g(x)dz, 


and we readily see the origin of the term “variables separated”. 

For simplicity let us discuss the equation (2.1) in the case g and h are 
continuous real-valued functions defined for real x and y, respectively. If 
$ is a real-valued solution of (2.1) on some interval J containing a point 
Zo, then 


h(o(z))¢’ (x) = g(x) 


for all x in Z, and therefore 


[ eco a= TO (2.2) 


for all x in J. Letting u = $(t) in the integral on the left in (2.2), we see 
that (2.2) may be written as 


$ (x) z 
f nu du = [ow a. 
$(o) zo 


Conversely, suppose x and y are related by the formula 


f " A(u) du = Í " a(t) dt, (2.3) 


and that this defines implicitly a differentiable function ¢ for x in J.* Then 
this function satisfies 


$G) a 
f hlu) du = f g(t) dt 
Vo Zo 


for all x in J, and differentiating we obtain 


h(¢(x))¢'(x) = g(z), 


which shows that ¢ is a solution of (2.1) on J. 
In practice the usual way of dealing with (2.1) is to write it as 


h(y)dy = g(x)dx 


* We say that a relation F(z, y) = O defines a function ¢ implicitly for z in some 
interval I. if for each z in J there is a y such that F(z, y) = 0; this y being denoted by 
(x). 
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(thus separating the variables), and then integrate to obtain 


fro dy = foe) dz + c, 


where c is a constant, and the integrals are anti-derivatives. Thus 


HQ) = f hu) dy, G) = f a(x) dz, 
represent any two functions H, G such that 
H'—-h G@=g. 


Then any differentiable function ¢ which is defined implicitly by the rela- 
tion 
H(y) =G(z) +c (2.4) 


will be a solution of (2.1). Therefore it is usual to identify any solution 
thus obtained with the relation (2.4). We summarize in the following 
theorem. 


Theorem 1. Let g, h be continuous real-valued functions for a € x Sb, 
c € y Sd respectively, and consider the equation 


h(y)vy' = g(z). (2.1) 


If G, H are any functions such that G' = g, H’ = h, and c is any constant 
such that the relation 


H(y) = G(x) +e 


defines a real-valued differentiable function $ for x in some interval I contained 
ina € x < b, then ¢ will be a solution of (2.1) on I. Conversely, if p is a 
solution of (2.1) on I, it satisfies the relation 


H(y) = G(x) +c 
on I, for some constant c.* 
The simplest example is that case in which h(y) = 1. Then y' = g(x), 
and every solution ¢ has the form 


$(x) = G(x) +o, (2.5) 


where G is any function ona € x < bsuch that G’ =,g, and c is a constant. 
Moreover, if c is any constant, (2.5) defines a solution of y’ = g(x). Thus 
we have found all solutions of y’ = g(x) ona S x € b. 


* The function $ will be a solution of y^ = g(x) /h(y) on I, provided h($(z)) »* 0 
for all x in I. 
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Another simple case occurs when g(z) = 1, for then we have 
1 
/ 


y = h(y) , (2.6) 


or 
h(y)dy = dz. 


Thus, if H’ = h, any differentiable function defined implicitly by the re- 
lation 
H(y) ^ zc, (2.7) 


where c is a constant, will be a solution of (2.6). As an example, let us con- 
sider the equation 


y =y’. (2.8) 
Here h(y) = 1/y?, which we note is not continuous at y = 0. We have 
dy 
y = dz, 
and thus the relation (2.7) becomes 
l. + or =! 
"ln rte, yrs re 


Thus, if c is any constant, the function ¢ given by 


zc 


is a solution of (2.8), provided x # —c. 

It is important to remark that the separation of variables method of 
finding solutions may not yield all solutions of an equation. For example, 
it is clear from (2.8) that the function y which is identically zero for all x 
is a solution of (2.8). However, for no constant c will the ¢ of (2.9) yield 
this solution. Careful attention to the possibilities of dividing by zero will 
often alert the student to missing solutions. 

Let us consider one more example: 


(z) = (2.9) 


y’ = 3y?*. (2.10) 
This leads to 
dy 
yn = 3 dz 


if y = 0, and hence to 
y? =x+e, or y= (x +e), 
where c is a constant. Thus the function $ given by 


g(x) = (x +c)? (2.11) 
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will be & solution of (2.10) for any constant c. Again we note that the 
identically zero function is a solution of (2.10) which can not be obtained 
from (2.11). 


The example (2.10) illustrates one more difficulty we encounter when 
we deal with nonlinear equations; namely, there may be several solutions 
satisfying a given initial condition. Thus the two functions ¢ and y given by 


é(z) = 2, (2-0 (~ %<g< æ), 


are solutions of (2.10) which pass through the origin. Actually the situation 
is much worse than appears, for there are infinitely many functions which 
are solutions of (2.10) passing through the origin. To see this let k be any 
positive number, and define ¢ by 


ox (x) = 0, (- 9o «zs Ek), 
(z) = (x — Ey, (k € z € o). 
Then it is not difficult to see that ¢, is a solution of (2.10) for all real x, 


and clearly ¢.(0) = 0. It might be instructive for the student to make a 
sketch of these solutions. 


EXERCISES 


1. Find all real-valued solutions of the following equations: 


(a) y' = wy (b) yy’ = 2 
z+ e" 
c) y’ = d) y! = —— 
() y = Qv -l1— 
(e) y! = zy? — 42? 
2. (a) Show that the solution $ of 
y =y 
which passes through the point (xo, yo) is given by 
Vo 
X) = —————————. 
$6) = 1T Ww m) 


(Note: The identically zero solution cap be obtained from this formula by 
letting yo = 0.) 


(b) For which z is ¢ a well-defined function? 
(c) For which z is $ a solution of the problem 


yey,  y(x) = yo? 
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8. (a) Find the solution of y^ = 2y"? passing through the point (xo, yo), where 
yo > 0. 
(b) Find all solutions of this equation passing through (xo, 0). 


4. A function f defined for real z, y is said to be homogeneous of degree k if 
f(x, ty) = f(x, y) 


for all t, x, y. In case f is homogeneous of degree zero we have 


f(tz, ty) = f(z, y), 


and then we say the equation y’ = f(z, y) is homogeneous. (Unfortunately this 
terminology, which is rather standard, conflicts with the use of the word 
homogeneous in connection with linear equations.) Such equations can be 
reduced to ones with variables separated. To see this, let y = uzin y’ = f(x,y). 
Then we obtain 


zu! +u = f(z, ux) = f(, u), 
and hence 
, fa, u) -u 
w = —, 
z 


which is an equation for u with variables separated. 
Find all real-valued solutions of the following equations: 


= b l = 
(a) y zy (b) y wie 
£ + zy + + xe tule 
(c) y’ _7tyt+y (d) y’ UT — 


5. The equation 
, ae t+ by +e 
y —70Y 5. 15 
axm + boy + c2 


where ay, bj, c1, a2, b2, c; are constants (c1, c2 not both 0) can be reduced to a homo- 
geneous equation. Assume we do not have the simple equation y’ = ci/es, 
and let z = £ + h, y =n + k, where h, k are constants. Then (*) becomes 

dn ait + bin + (oh + bik + ci) 

dë a$ + bon + (ash + bk + c2) 


(*) 


If h, k satisfy 
aih + bik + c = 0, azh + bsk + c = 0, (**) 


the equation becomes homogeneous. If the equations (**) have no solution, then 
abe — abı = Q, and in this case either the substitution 


u = ay + by +e. or u = aw + boy + 6s, 


leads to a separation of variables. 
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Solve the following equations: 


,,9-9 t2 Q7 E 3y +1 
(a) y z4y-1 (b) y w 2u 1 
,_ ZŽtYy+l 
(v oy yl 


6. (a) Show that the method of Ex. 5 can be used to reduce an equation of the 
form 


y = (= + by + a) 
ax + bey + Ce 


to a homogeneous equation. 
(b) Solve the equation 


(ES) 
Y 79V 242 | 


7. Suppose there is a family F of curves in a region S in the plane with the 
property that through each point (z, y) of S there passes one, and only one, 
curve C of F, and that the slope of the tangent of C at (x, y) is given by f(x, y), 
where f is continuous. If a curve in F can be written as (z, $(z)), where x runs 
over some interval J, then ¢ is a solution of y^ = f(z, y). If Y is any solution of 
the equation y^ = —1/f(z, y), then the curve C+ given by the points (x, V/(x)) 
will have & tangent at each of its points (z, y) which is perpendicular to the 
curve in F passing through (x, y). The set G of all curves C is called the set 
of orthogonal trajectories to the family F. 

The following relations determine a.family of curves, one curve for each 
value of the constant c. Find the orthogonal trajectories of these families. 


(a) 2? -- y? = c (c > 0) (b) y = cx 
(c) y = cx @ = P se >0) 
(e) 2* —9! =e (f) y = ce 


9. Exact equations 


Suppose the first order equation y^ — f(z, y) is written in the form 
(2 ~My) 
N(z,y)' 


or equivalently 
M(x,y) + N(z,y)y’ = 0, (3.1) 
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where M, N are real-valued functions defined for realz, y on some rectangle 
R. The equation (3.1) is said to be exact in R if there exists a function F 
having continuous first partial derivatives there such that 


oF oF 
rin M, y =N, (3.2) 
in R. 
If (3.1) is exact in R, and F is a function satisfying (3.2), then (3.1) 
becomes 
= y) d dz yy = 0. 


If $ is any solution on some interval J, then 
= Gs $(z)) += = (a, $(x))¢'(z) = 0 | (3.3) 


for all x in I. If (x) = F(z, $(z)), then equation (3.3) just says that 
$'(z) = 0, and hence 
F(z, $(z)) = €, 


where c is some constant. Thus the solution ¢ must be a function which is 
given implicitly by the relation 


F(x,y) ^ c. (3.4) 


Looking at this argument in reverse we see that if $ is a differentiable 
function on some interval J defined implicitly by the relation (3.4) then 


F(z, $(2x)) —€ 
for all z in J, and a differentiation yields (3.3). Thus ¢ is a solution of (3.1). 


Theorem 2. Suppose the equation 


M(x,y) + N(x, yy’ =0 (3.1) 
is exact in a rectangle R, and F is a real-valued function such that 
ðF oF 
L—- — = 2 
dx , ay N (3.2) 


in R. Every differentiable function $ defined implicitly by a relation 
F(x,y) =c, (c = constant), 


is a solution of (3.1), and every solution of (3.1) whose graph lies in R arises 
this way. 
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The problem of solving an exact equation is now reduced to the problem 
of determining a function F satisfying (3.2). If (3.1) is exact and we write it 
as 


OF oF 


we recognize that the left side of this equation is the differential dF of F. 
This is the explanation of the term ''exact" ; the left side is an exact differen- 
tial of a function F. 

Sometimes an F can be determined by inspection. For example, if the 
equation 


y = —- (3.5) 
is written in the form 
xz dx + y dy = 0, 


it is clear that the left side is the differential of (xz? + y*)/2. Thus any 
differentiable function which is defined by the relation 


is a solution of (3.5). Note that the equation (3.5) does not make sense 
when y = 0. 

The above example is also a special case of an equation with variables 
separated. Indeed any such equation is a special case of an exact equation, 
for if we write the equation as 


g(z)dz = h(y)dy, 
it is clear that an F is given by 
F(z,y) = G(x) — H(y), 
where G^ = g, H' =h. 
How do we recognize when an equation is exact? To see how, suppose 


M (z, y)dz + N(z, y)dy =0 


is exact, and F is a function which has continuous second derivatives such 
that 


Then 
or oM or oN 


— AX —— 


üyóz dy’  ðrðy ðr’ 
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&nd, since for such a function 


op or 
ðyðx ~ axdy , 
we raust have 
oM aN 
ru 


This is the condition we are looking for, since it is true that if this equality 
is valid, the equation is exact. 


Theorem 3. Let M, N be two real-valued functions which have continuous 
first partial derivatives on some rectangle 


R: |z—m|sa |y—y| sd. 
Then the equation 


M(z,y) + N(z,y)y =0 
is exact in R if, and only if, 
— = — (3.6) 
in R. 
Proof. We have already seen that if the equation is exact, then (3.6) 
is satisfied. 
Now suppose (3.6) is satisfied in R. We need to find a function F satis- 
fying 
oF _ aF 
dc ay 
To see how to do this, we note that if we had such a function then 


F(x,y) — F(z, yo) = F(x,y) — F(a, y) + F(a, y) — F(z, yo) 


-fy ts, y) at y (£o, t) dt 


= f? Mcs, y) ds + f N(x t) dt. 
zo Vo 
Similarly we would have 


F(x,y) — F(zo y) = F(x, y) — F(z, yo) + F(x, yo) — F(zo yo) 


dz ay t) dt + i a yo) ds 


= f 8o 0 a [ Mts vo) as (3.7) 
Vo to 
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We now define F by the formula 


F(z, y) = fm, y) ds + f N (zs, t) dt. (3.8) 


This definition implies that F (zo, yo) = 0, and that 
oF 
z 
for all (x, y) in R. From (3.7) we would guess that F is also given by 
y E] 
F(z,y) = f N (z, t) dt + f M (s, yo) ds. (3.9) 
Vo zo 


This is in fact true, and is a consequence of the assumption (3.6). Once 
this has been shown, it is clear from (3.9) that 


2 (sy) = N(, y) 
y 


for all (x, y) in R, and we have found our F. 
In order to show that (3.9) is valid, where F is the function given by 
(3.8), let us consider the difference 


F(z,y) — nc t) d + f M(s, y) ds 


= f EMs, y) — Mt uds — f ENGL — Nian) Jdt 


7 Í. nS (s 0 a ds — ME: (s, t) às |i 
-S (s, t) — E (e,t) |as ae, 


zo "Uo 


which is zero by virtue of (3.6). This completes our proof of Theorem 3. 
As an example let us consider the equation 
3r? — 2xy 
‘= ————À 3.10 
y x2 EN 2y ? ( ) 


which we write as 
(32? — 2zy)dz + (2y — z?)dy = 0. 
Here 
M(x,y) = 32 — 2xy, N(x, y) = 2y — v, 
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and a computation shows that 


oM oN 
y (z, y) - or (v, y) — —2z, 


which shows that our equation is exact for all z, y. To find an F we could 
use either of the two formulas (3.8) or (3.9), but the following way is often 
simpler. We know there is an F such that 


OF 

oF M, OF 

Ox oy 
Thus F satisfies 


oF 
— = 2 
am (x, y) = 832? — 2xy, 


which implies that for each fixed y, 
F(x,y) = 2 — zy + f(y), (3.11) 
where f is independent of x. Now dF /dy = N tells us that 
-2 bf) = 2y — 2%, 
f'(y) = 2y. 


Thus a choice for f is given by f(y) = y?, and placing this back into (3.11) 
we obtain finally 


or that 


F(z,y) = 2 — zy +y. 
Any differentiable function ¢ which is defined implicitly by a relation 
g — ry ty =c, (3.12) 


where c is a constant, will be a solution of (3.10), and all solutions of (3.10) 
arise in this way. Often the solutions are identified with the relations (3.12). 
It is proved in advanced calculus texts that (3.12) will define a unique 
differentiable function $ near, and passing through, a given point (zo, yo) 
provided that 
F (zo, y) = e, 
and that 


aF | 
ay Um yo) =Æ 0. 
Notice that the only points (a, yo) satisfying (3.12) for which 


oF 
E y) =0 
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are those satisfying 

-r + 2yo =0, 
and these are precisely the points where the given equation (3.10) is not 
defined. Thus, if (zo, yo) is a point for which (32? — 2zy)/(z? — 2y) is 
defined, there will be a unique solution of (3.10) whose graph passes through 
(zo, yo) . 


EXERCISES 


1. The equations below are written in the form M (z, y) dz + N(x, y) dy = 0, 
where M, N exist on the whole plane. Determine which equations are exact 
there, and solve these. 


(a) 2zy dz + (2? + 3?) dy = 0 

(b) (z* + zy) dz + zy dy = 0 

(e) edr + (e'(y + 1)) dy = 0 

(d) cos z cos? y dx — sin x sin 2y dy = 0 

(e) zy? dy — zx? dy = 0 

ff) @ +y)dx + (œ —y) dy =0 

(g) (2ye + 2x eos y) dz + (e* — z? sin y) dy = 0 
(h) (3z?log| z| +2? +y) dz + zdy =0 


2, Even though an equation M (z, y) dz + N(x, y) dy = 0 may not be exact, 
sometimes it is not too difficult to find a function u, nowhere zero, such that, 
u(x, y)M (x, y) dz + uls, y)N (v, y) dy = 0 
is exact. Such a function is called an integrating factor. For example, 
y dr —zdy =0 


is not exact, but multiplying the equation by u(x, y) = 1/47, makes it exact 
for y = 0. Solutions are then given by y = cz. 

Find an integrating factor for each of the following equations, and solve 
them. 


(a) (2y* + 2) dz + 3zy*! dy = 0 

(b) eos z cosy dz — 2 sin z sin y dy = 0 
(c) (Sa¥y? + 2y) dz + (3zy + 22) dy = 0 
(d) (œ + xe") dz + ze" dy = 0 


(Note: If you have trouble discovering integrating factors, do Exs. 3-5 
first.) 


3. Consider the equation 
M(x, y) dz + N(z, y) dy = 0, 


where M, N have continuous first partial derivatives on some rectangle R. 
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Prove that a function u on E, having continuous first partial derivatives, is an 
integrating factor if and only if, 


= ðN ) ðu ðu 
ul(— —-—])=N—-M— 
oy Ox Oz oy 
on R. (Hint: Theorem 3.) 


4. (a) Under the same conditions as in Ex. 3, show that if the equation 
M (z, y) dz + N(z, y) dy = 0 
has an integrating factor u, which is a function of x alone, then 


3 (= -2 


P= y ðy E 


N 


is a continuous function of g alone. 


(b) If p is continuous and independent of y, show that an integrating factor 
is given by 
u(r) = eP@), 


where P is any function satisfying P’ = p. 


5. (a) Under the same conditions as in Ex. 3, show that if 
M(x, y) dz + N(x, y) dy = 0 
has an integrating factor u, which is a function of y alone, then 
1 /OoN 0M 
Rich? 


is a continuous function of y alone. 


(b) If q is continuous, and independent of z, show that an integrating factor 
is given by 
uly) = 80, 


where Q is any function such that Q’ = q. 
6. Consider the linear equation of the first order 
y + a(z)y = B(x), 


where a, b are continuous on some interval I. 
(a) Show that there is an integrating factor which is a function of x alone. 
(Hint: Ex. 4.) 
(b) Solve this equation, using an integrating factor. (Compare this pro- 
cedure with that followed in Chap. 1, Sec. 7.) 
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4. The method of successive approximations 
We now face up to the general problem of finding solutions of the 
equation 
y = f(x,y), (4.1) 
where f is any continuous real-valued function defined on some rectangle 
R: |z— r| Sa ly—yl| Sb, (a b> 0), 


in the real (z, y)-plane. Our object is to show that on some interval I con- 
taining zo there is a solution ¢ of (4.1) satisfying 


(zo) = Yo- (4.2) 
By this we mean there is a real-valued differentiable function ¢ satisfying 
(4.2) such that the points (2, $(z)) are in E for z in J, and 
o (x) = f(z, o(z)) 


for all x in J. Such a function ¢ is called a solution to the inttial value 
problem 


y -f(my), wx) = Yo, (4.3) 
on I. 
Our first step will be to show that the initial value problem is equivalent 
to an integral equation, namely 


y= wk] sey) at (44) 


on I. By a solution of this equation on I is meant a real-valued continuous 
function ¢ on I such that (x, $(z)) isin R for all xin I, and 


ola) = wot [ fe a (4.5) 
for all z on I. 
Theorem 4. A function ¢ is a solution of the initial value problem (4.3) 
on an interval I if and only 1f it is a solution of the integral equation (4.4) on I. 
Proof. Suppose ¢ is a solution of the initial value problem on J. Then 
e(t = f(t o()) (4.6) 


on T. Since ¢ is continuous on J, and f is continuous on R, the function F 
defined by 


F(t) = f(t, e(t)) 
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is continuous on J. Integrating (4.6) from zo to x we obtain 
&(2) = lz) + fF) di, 
zo 


and since (£o) = yo we see that ¢ is a solution of (4.4). 
Conversely, suppose ¢ satisfies (4.5) on J. Differentiating we find, using 
the fundamental theorem of integral calculus, that 


$'(z) = f(x, o(z)) 


for all x on I. Moreover from (4.5) it is clear that (zo) = yo, and thus ¢ 
is a solution of the initial value problem (4.3). 

We now turn our attention to solving (4.4). As a first approximation to 
a solution we consider the function $ defined by 


$o(z) = yo. 


This function satisfies the initial condition ¢o(%) = yo, but does not in 
general satisfy (4.4). However, if we compute 


&(z) = yo + f ft do(t)) dt 


Vo T f f(t, Yo) dt, 

zo 
we might expect that $; is a closer approximation to a solution than de. 
In fact, if we continue the process and define successively 


do(X) = yo, 
(4.7) 


x41 (2) = Yo + fr p(t) )dt, (k = 0, 1, 2, e), 


we might expect, on taking the limit as k — ©, that we would obtain 


p(z) — $(z), 
where ¢ would satisfy 


(x) = yo + f f(t, (t) ) dt. 


Thus ¢ would be our desired solution. 

We call the functions $o, $1, *-- defined by (4.7) successive approzima- 
tions to a solution of the integral equation (4.4), or the initial value problem 
(4.3). One way to picture the successive approximations is to think of a 
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machine S (for solving) which converts functions ¢ into new functions S(¢) 
defined by 


S(9)(2) = yo + f ftt 6(0) dt 


A solution of the initial value problem (4.3) would then be a function ¢ 
which moves through the machine untouched, that is, a function satisfying 
S(¢) = ¢. Starting with ¢o(z) = yo, we see that S converts ¢o into $1, and 
then ¢; into $». In general S($;) = $441, and ultimately we end up with a 
$ such that S($) = ¢; see Fig. 5. 


Figure 5. The 'S-machine" 


Of course we need to show that the $; merit the name, that is, we need to 
show that all the $, exist on some interval J containing 2, and that they 
converge there to a solution of (4.4), or of (4.3). Before doing this let us 
consider an example: 


y -zy, y(0) =1. (4.8) 
The integral equation corresponding to this problem is 


y- 14 ftd, 
0 


and the successive approximations are given by 


$o(2) = 1, 
dealt) = 1 + [ ts (t) dt, (k = 0,1, 2, +++). 
Thus 
z x 
aa) = 1+ f idb=1+e, 
= t? zt at 
(£) = i+ | (1+5)-1+ 54+, 
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and it may be established by induction that 


T 1 r? 2 1 qx 
ee 1+ (5) +55) t tu) 


We recognize ġ(x) as a partial sum for the series expansion of the function 
g(a) = en. 
We know that this series converges for all real x and this just means that 
(z) > (z), (k>), 


for all real x. The function ¢ is the solution of the problem (4.8). 

Let us now show that there is an interval I containing zo where all the 
functions $,, k = 0, 1, 2, ---, defined by (4.7) exist. Since f is continuous 
on R, it is bounded there, that is, there exists a constant M > 0 such that 

lf(z,y)|s M 


for all (x, y) in R*. Let œ be the smaller of the two numbers a, 5/M. Then 
we prove that the ¢, are all defined on | + — to | S o. 


Theorem 5. The successive approximations r, defined by (4.7), exist as 

continuous functions on, 
I: | z — 2% | S a = minimum (a, b/M}, 
and (x, $x(x)) ts in R for x in I. Indeed, the py satisfy 
| ¢e(x) — y| S M |z- zo| (4.9) 

for all x wn I. 

Note: Since for x in I, | — zo| € b/M, the inequality (4.9) implies 
that 

| d(x) -wIsb 
for z in J, which shows that the points (x, $,(z)) are in E for z in J. The 
precise geometric interpretation of the inequality (4.9) is that the graph of 
each 9; lies in the region T in R bounded by the two lines 
y — y = M(z— to), Y- y= -M(z— x), 


and the lines 
%—m =a, T= to = —a} 


see Figs. 6 and 7. 


* This result is usually proved in advanced calculus texts. The student may assume 
that f satisfies the additional condition | f(x, y) | S M if he wishes. 
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yotb 


Figure 6. The region T (a = a) 


Proof of Theorem 5. Clearly $» exists on I as a continuous function, and 
satisfies (4.9) with k = 0. Now 


é2) = yo + | fw) dt, 


and hence 


lé) -ml =| f fo dt s | f isaw Lat] s Mis- a, 


zo 


yo-b 
Figure 7. The region Tla = b/M) 
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which shows that $1 satisfies the inequality (4.9). Since f is continuous on R 
the function Fo defined by 


Fy(t) = f(t, yo) 


is continuous on J. Thus $1, which is given by 


d$i(r) = Yo + f Fy(t) dé, 


is continuous on J. 

Now assume the theorem has been proved for the functions 4e, $1, 
++, dx. We prove it is valid for 6,441. Indeed the proof is just a repetition of 
the above. We know that (t, $,(0)) is in R for tin I. Thus the function F, 
given by 


Felt) = f(t, ox(t)) 


exists for ¢ in J. It is continuous on J since f is continuous on R, and 4, is 
continuous on J. Therefore $441, which is given by 


dal) = yo + | Fi at, 


exists as a continuous function on J. Moreover 


lé&a — vol s [f 1501a|s M |e- ml, 
zo 
which shows that $,,1 satisfies ' (4.9). The theorem is thus proved by 
induction. 

Our next step is to show that the successive approximations converge on 
I to a solution of our initial value problem. In order to do this we must im- 
pose a further restriction on f. We discuss such a restriction in the next 
section. 


EXERCISES 


1. Consider the initial value problem 
y -3y +1, y(0) =2. 
(a) Show that all the successive approximations ġo, di, *** exist for all 
real z. 
(b) Compute the first four approximations ġo, $1, 2, $3 to the solution. 


(c) Compute the solution by using the method of Chap. 1. 
(d) Compare the results of (b) and (c). 
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2. For each of the following problems compute the first four successive approxi- 
mations do, $1, $2, $3: 


(à) y = +y, y0) =0 (b) y =1+2y, y(0 =1 
() y =y, y(0) = 0 (d) y =y, y0) -1 


3. (a) Show that all the successive approximations for the problem 
y = Y, y(0) = 1, 


exist for all real x. 


(b) Find a solution of the initial value problem in (a). On what interval 
does it exist? 


(c) Assuming there is just one solution of the problem in (a), indicate why 
the successive approximations found in (a) can not converge to a solution 
for all real x. 


4. Consider the problem 


y -33 4. y(0) = 0, 
on 
R: |z|si1, |y| si. 
(a) Compute an upper bound M for the function f(z, y) = 2? + y* on R. 


(b) On what interval containing x = 0 will all the successive approximations 
exist, and be such that their graphs are in R? 


5. Let f be a real-valued continuous function defined on the rectangle 
R: |x —am| sa, |y- y| £b, (a,b > 0). 


Let $ be a real-valued function defined on an interval I containing xo. 


(a) Define carefully what it would mean to say that ¢ is a solution on I of 
the initial value problem 


y” = fiz, y)  wm)-w,  v(m)»-m. (*) 


(b) Define carefully what it would mean to say that ¢ is a solution on I of 
the integral equation 


y = ya + (z — zom f (e - fea. e 
zo 
(e) Show that ¢ is a solution of the initial value problem (*) on J if and 


only if $ is a solution of the integral equation (**) on I. (Hint: In proving 
the statement one way it is useful to use the rule that 


d fz z OF 
=S F(t, x) dt = F(z, zx) +f P t) dt, 
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if F and OF /dx are continuous. In proving the statement the other way, let 
F(x) = f(x, $(x)), and solve 
y” = F(z), yŒ) =y y£) = Yy 


by the variation of constants method.) 


6. Let f be the same as in Ex. 5. 
(a) Define a sequence of successive approximations ġo, $1, $2, *** for (*), 
or (**), in Ex. 5. (Hint: Let $o(z) = yo.) 


(b) Prove Theorem 5 for the sequence (4.] of (a), where now a = minimum 
(a, b/Mi], with Mi = |y + (Ma/2). 


7. (a) Find a sequence of successive approximations for the problem 


. 


y'-z-y, y(0)-1,  y(0)-90, 


and show that the sequence tends to a limit for all real x. (Hint: Ex. 6.) 


(b) Compare the limit obtained in (a) with the solution of this problem 
obtained by the methods of Chapter 2. 


8. Let f be a real-valued continuous function defined on the strip 
S: |z|sa, |y] <œ, (@>0), 


and let Z denote the interval | x | s a. Suppose $ is a real-valued function on I. 


(a) Define what it would mean to say that $ is a solution on J of the initial 
value problem 


y" + Xy = f(z, y) y(0) = 0, y'(0) = 1, (A > 0). (*) 
(b) Show that ¢ is a solution of (*) on J if and only if ¢ is a solution of the 
integral equation 
sin Àz f sin A(x — t) 


" " S(t, y) at (**) 


y = 


on I. (Hint: See the Hint in Ex. 5, (c).) 


(c) Define a sequence of successive approximations o, $i, $», *** for the 
initial value problem (*), or the integral equation (**), and show that each 
$ is defined as a continuous function on I. (Hint: Let $o(x) = 0. It is a 
result in advanced calculus that if a function g is continuous in (f, z), then 


f g(t, x) dt 


is continuous in z.) 
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5. The Lipschitz condition 


Let f be a function defined for (z, y) in a set S. We say f satisfies a 
Lipschitz condition on S if there exists a constant K > 0 such that 


If(z,y) —f(zy)| s K|Im - yl 


for all (x, yı), (x, ys) in S. The constant K is called a Lipschitz constant. 

If f is continuous and satisfies a Lipschitz condition on the rectangle 
R, then the successive approximations converge to a solution of the initial 
value problem on | z — zo| S o. Before we prove this, let us remark that a 
Lipschitz condition is a rather mild restriction on f. 

Theorem 6. Suppose S is either a rectangle 


|2 — | Sa, ly—yo| sb, (a, b > 0), 
or a strip 
|z— t| Sa, Ivy < œ, (a > 0), 


and that f is a real-valued function defined on S such that of/dy exists, is 
continuous on S, and 


[Zen] sr (ev) m8), 
y 


for some K > 0. Then f satisfies a Lipschitz condition on S with Lipschitz 
constant K. 


Proof. We have 
f v) — slew) = [^ Elen d 

and hence 
(f(y) —f(z,w)ls 


for all (z, y), (2, Y2) in S. 
An example of a function satisfying a Lipschitz condition is 


n | of 
— < — 
IMFCPIDERIPEPI 


f(z,y) zy 
on 
R:  |z|sl1 fyl sl. 
Here 


af E 
[Zen] = | 2zy | S 2 
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for (x, y) on R. This function does not satisfy a Lipschitz condition on the 
strip 

S: Iz|s1, Iy| € %, 
since 

f(z, yı) = f(z, 0) 


P| = lela 


which tends to infinity as | yı | ^ œ, if | z | = 0. 
An example of a continuous function not satisfying a Lipschitz condi- 
tion on a rectangle is 


f(z, y) = y” 


R: |ds|si [visti 


on 


Indeed, if yı > 0, 
[f(z y) —f(501| w^ 1 
ly. — 0| oy 


which is unbounded as y; — 0. 


EXERCISES 


1. By eomputing appropriate Lipschitz eonstants, show that the following 
functions satisfy Lipschitz conditions on the sets S indicated: 


(a) fiz, y) = 43? - yon 8: Ix| si,ly|s1 
(b) f(z, y) = z*eo y + ysin?z,onS: |z| <1,|y| < e 
(c) f(z, y) = zie, on S: 0S x Sa,|y| < e,(a » 0) 


(d) f(x, y) = a(z)yy? + b(x)y +(x), on S$: Iz| <1,|y| s 2, (a, b, c are 
continuous functions on | x| s 1) 


(e) f(z, y) = a(z)y -b(z),0onS: [x] &1,|yl| < o, (a, b are continuous 
functions on | z| s 1) 


2. (a) Show that the function f given by 
fay) = 
does not satisfy a Lipschitz condition on 
R: |z|s1, Osysi 


(b) Show that this f satisfies a Lipschitz condition on any rectangle R of 
the form 


R: |z|sa, bsyso G@,b,c>0). 
3. (a) Show that the function f given by 
fs, y) =2\y| 
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satisfies a Lipschitz condition on 
R: |#|s1, ly|st. 
(b) Show that df/dy does not exist at (x, 0) if z = 0. 
4. Show that the assumption that 0f/dy be continuous on S is superfluous in 
Theorem 6. (Hint: For each fixed z the mean value theorem implies that 


ð 
fle, v) — fle, ya) = D (x, m — yo) 


where 7 (which may depend on z, y1, y2) is between y; and y2.) 


6. Convergence of the successive approximations 
We now prove the main existence theorem. 


Theorem 7. (Existence Theorem). Let f be a continuous real-valued func- 
tion on the rectangle 


R: |x—m| Sa, Ivy — y| £b, (a, b > 0), 
and let 


Ifíz,y)|sM 
for all (x, y) in R. Further suppose that { satisfies a Lipschitz condition with 
constant K in R. Then the successive approximations 


&(z) = yoy deale) = yo + [I 0) dé, (k= 0, 1,2, 2), 
converge on the interval 
I: |e —2,| $ a = min fa, b/M] 
to a solution $ of the initial value problem 
y —f(my)  w(m)-ye 


on I. 


Note: If f is just continuous on R it is possible to show that there is a 
solution of the initial value problem on J. Since more sophisticated methods 
from advanced calculus are required for the proof of this, we shall forego 
such a proof. However, in order to show that the successive approximations 
converge to a solution, something more than the continuity of f must be 
assumed; see Ex. 3. 


Proof of Theorem 7. (a) Convergence of (d&(x) ]. The key to the proof is 
the observation that ¢, may be written as 


de = do + ($1 — do) + ($s — dr) + eee + (be — de), 
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and hence ¢x(2) is a partial sum for the series 


dz) + 2 [$s(z) — bpa(x) 1. (6.1) 


Therefore to show that the sequence ($;(z)] converges is equivalent to 
showing that the series (06.1) converges. To prove the latter we must 
estimate the terms p(x) — ¢p-1(z) of this series. 

By Theorem 5 the functions $, all exist as continuous functions on J, 
and (z, p(x) ) isin R for zin I. Moreover, as shown in Theorem 5, 


| (£) — (x) | < M |z — z | (6.2) 


for x in I. Writing down the relations defining $» and $i, and subtracting, 
we obtain 


gala) — g(t) = f Ef 60) — f, dolt) I at 
Therefore 
le) = ote) Ls | frt oc) — 106 oso La, 
and since f satisfies the Lipschitz condition 


| f(a, yi) — f(x, Y2) | ES Kly — ys |, 
we have 


| d(x) —&(z)|sK flo — ¢do(t) jar. 


Using (6.2) we obtain 


|óx(z) — g(x), S KM 


f | t — 2 | dt. 
zo 


Thus, if z = 2, 


(x — zo)? 


| do(x) — (2) | s Ku f t — m) dt = KM 


The same result is valid in case z < 2. 
We shall prove by induction that 
MK?" |x — z |? 
p! 
for zin Z. We have seen that this is truefor p = 1 and p = 2. Let us assume 
x 2 2; the proof is similar for x S zo. Assume (6.3) for p = m. Using the 


|és(z) — éxa(z)|& (6.3) 
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definition of $441 and $4 we obtain 


dml) — nla) = f LJ dn(t)) — F(t, dm-a(t)) J at, 
z9 
and thus 


lósa(2) — bm(t) 1S f 1, on) — f 6-3 (0) | dt 
29 
Using the Lipschitz condition we get 


|óma(z) —éó»(z)|sK f | dm(t) — m(t) | dt. 


Since we have assumed (6.3) for p — m this yields 
MK | T — Xo [n 
(m + 1)! 


This is just (6.3) for p = m + 1, and hence (6.3) is valid for all p = 1,2, 
-, by induction. 
It follows from (6.3) that the infinite series 


MK z 
| dmy (T) — dm(z) | s S | & — zo |” dt = 


gols) + 3 oa) — $5.22] (6.1) 
is absolutely convergent on J, that is, the series 
e | + È bola) — (2 | (6.4) 
is convergent on I. Indeed, from (6.3) we see that 
La) = dale) | s RUE T SE 


which shows that the p-th term of the series in (6.4) is less than or equal to 
M/K times the p-th term of the power series for e*'*-ol, Since the power 
series for eX!-=9l is convergent, the series (6.4) is convergent for x in I. 
This implies that the series (6.1) is convergent on J. Therefore the k-th 
partial sum of (6.1), which is just $&(z), tends to a limit $(z) as k — œ, 
for each z in I. 

(b) Properties of the limit $. This limit function $ isa solution to our 
problem on 7. First, let us show that ¢ is continuous on I. This may be 
seen in the following way. If zı, xz are in J 


| oralt) — prala) | = M F(t, g(h a| sM|n-zml, 
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which implies, by letting k — œ, 


l$(z) — $(z2 | S M | m — xl. (6.5) 


This shows that as x2 — zi, (x2) — (xı), that is, ¢ is continuous on J. 
Also, letting zı = x, 1» = zo in (6.5) we obtain 
lez -w|sSM|z-zaml| (xin I), 


which implies that the points (x, 6(z)) are in R for all z in I. 


(c) Estimate for | (£) — p(x) |. We now estimate | (x) — $x(z) |. 
We have 


é(z) = de(z) + È [$»(2) — $»i(2) ], 
and 
k 
éx(z) = p(z) + 2 Colt) — $,a(2) J. 


Therefore, using (6.3), we find that 


oo 


| (x) — (2) | = a L(x) — $31] 
s $e) — éa(2) | 
pmk+1 
QM $ (Ka)? 


Ku p 
< M (Kajti @ (Ka)? 
— K(k--1)!; p! 


_M (Ka) yn 
-KUID (6.6) 


Letting & = (Ko)**!/(k + 1)!, we see that e, —^ 0 as k — œ, since e 
is a general term for the series for e* ^. In terms of e, (6.6) may be written as 


M 
le(s) — dla) | X ue («0 kom). (67) 
(d) The limit ¢ ts a solution. To complete the proof we must show that 
etx) = wt fio) à (6.8) 
EZ] 


for all z in J. The right side of (6.8) makes sense for ¢ is continuous on I, f 
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is continuous on E, and thus the function F given by 


F(t) = f(t, o(t)) 
is continuous on J. Now 


denl) = mo + [f(t ded) at, 


and r(x) — $(z), as k — œ. Thus to prove (6.8) we must show that 
for each x in I 


f fe» S NEAN) a, (>=). 69) 
We have 


re ec) di — [fa ox (t)) at| 


s |f ise t» — fa oc Lael 


SK 


f 1o) — et) al, (6.10) 


using the fact that f satisfies a Lipschitz condition. The estimate (6.7) can 
now be used in (6.10) to obtain 


[ 16.9) at — f r6 0) at] s Metal — ml 


which tends to zero as k — œ, for each z in I. This proves (6.9), and hence 
that $ satisfies (6.8). Thus our proof of Theorem 7 is now complete. 

The estimate (6.6) of how well the k-th approximation $. approximates 
the solution ¢ is worthy of special attention. 


Theorem 8. The k-th successive approximation dx to the solution $ of 


the initial value problem of Theorem 7 satisfies 

M (Ka)*? 
— < — —— 
| o(z) — (2) | = 7 (k + 1)! 


for all x in I. 


EXERCISES 


1. Consider the problem 
y’ -1- 2xy, y(0) = 0. 


(a) Since the differential equation is linear, an expression can be found 
for the solution. Find it. 
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(b) Consider the above problem on 
R: |z|sà ly| st. 
If f(z, y) = 1 — 2zy, show that 


|f y)| s2, (@,y)in E), 
and that all the successive approximations to the solution exist on | z | < 4, 
and their graphs remain in R. 
(c) Show that f satisfies a Lipschitz condition on R with Lipschitz constant 
K = 1, and therefore by Theorem 7 the successive approximations converge 
to a solution ¢ of the initial value problem on | z | s 3. 


(d) Show that the approximation $s satisfies 
| d(x) — $s(z) | < .01 

for|z| x 4. 

(e) Compute $s. 


Consider the problem 
y -1-y, yO) =0. 


(a) Using separation of variables, find the solution $ of this problem. (It is 
not difficult to convince oneself that the separation of variables technique 
gives the only solution of the problem.) On what interval does ¢ exist? 


(b) Show that all the successive approximations ġo, $i, d», *** exist for all 
real x. 


(e) Show that d(x) — (x) for each z satisfying | z | x $. (Hint: Consider 
f(x, y) =l +y on 


R: |zļ|sł |yl sh 
Show that a = 4.) 


3. On the square 
R: |z|si |yl| sl, 
let f be defined by 
f(z, y) = 0, if r0, ly| s 1 
= 2r, if 0«|[x|si -lsy <0, 
dy . 
= 2% - ~, if O«|z| &1, Osy a2, 
z 
= —2z, if 0 <[zx| <i, 2sy sil. 


(a) Show that this f is continuous on E, and | f(z, y) | 8 2 on R. (It might 
help to make a sketch.) 


(b) Show that this f does not satisfy a Lipschitz condition on &. 
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(c) Show that the successive approximations ġo, $1, $2, *** for the problem 
y’ = f(z, y), y(0) = 0, 
satisfy 
p(z) = 0, $2m—1(2) = z, $an(z) = x (m = 1, 2, see), 


(d) Prove that neither of the convergent subsequences in (c) converge to a 
solution of the initial value problem. (Note: This problem has a solution, 
but the above shows that it can not be obtained by using successive ap- 
proximations.) 


4. Consider f, R as in Theorem 7. Let ġo be any continuous function on 
Iz — za | S asuch that the points (z, $o(2)) are in R for | x — zo | s a. Let 
ula) = yo + ft e) di, 
za 
and 
$ra(z) = Yo + J fe, ox (t)) dt, (k = 1, 2, see), 
zo 
(a) Show that all the functions $i, ġ2, *** exist and are continuous for 
|z — zo| x a, and satisfy 
gr) -yol 8 M|x — zo, (k = 1,2, +++). 


(b) Show that $,(z) —^$(z) on | x — zo| S o, where $ is a solution to the 
initial value problem 


y = f(z, y), wm) = yo. 


(Hint: Show that the proof is a repetition of most of the proof of Theorem 7.) 
(Note: This shows that we may start our successive approximation pro- 
cedure with any function $ with the above properties, instead of with the 
particular one ¢o(x) = yo.) 

(c) Show that an estimate like that in Theorem 8 is valid, namely 


2M (Ka)* 
—— M eke, 
K k! 


5. Let f satisfy the conditions of Theorem 7. Show that the successive ap- 
proximations 


[o(z) — (z) | s 


polt) = Yo, 


rile) = yo T (x -— Xo)Y1 + f (x _ i) (t, ox(t)) dt, (k = 0, 1, 2, coed, 
za 


converge on the interval 


I; |z — zo| S œ = minimum fa, b/ Mı}, 
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where M; = | y1| + (Ma/2), to a solution of the initial value problem 
y" = f(z, y), y (xo) = y» y' (xo) = y. 


(Note: From Exs. 5, 6 of Sec. 4 it follows that each œ+ exists, is continuous on Z, 
and that (x, ¢:(x)) is in R for all z in J.) 


7. Non-local existence of solutions 


Theorem 7 is called a local existence theorem since it guarantees a solu- 
tion only for z near the initial point x. There are many cases when a solu- 
tion to the initial value problem exists on the entire interval | £ — z4| x a, 
and in such cases we say that a solution exists non-locally. 

As seen in Sec. 1, an example of non-local existence is furnished by the 
linear equation 


y' +g(z)y = h(x). (7.1) 


The solutions exist on every interval where g and h are continuous. Suppose 
g and h are continuous on | x — z»| S a, and that K is a positive con- 
stant such that 


Igz)) SK, (|e—m| Sa). 


Then if we write (7.1) as 


y =f(z,y) = —g(x)y t h(z), 
we see that 


| f(z, y) — f(z, ya) | =| —9(2) (n — yw) |S K |y — yl, 
for all (x, yı), (x, y2) in the strip 
S: |z—m|sa lyl<o. 


By looking carefully at the proof of Theorem 7 we can show that if f 
satisfies a Lipschitz condition in a strip S, instead of in a rectangle R, then 
solutions will exist on the entire interval. 


Theorem 9. Leif be a real-valued continuous function on the strip 
S: |z — r| Sa, ly| < %, (a>0), 


and suppose that f satisfies on S a Lipschitz condition with constant K > 0. 
The successive approximations {ox} for the problem 


y —f(zy, y(t) = Yo, (7.2) 


exist on the entire interval | x — xo | S a, and converge there to a solution $ of 
(7.2). 
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Proof. 'The successive approximations are given by 


o(z) = Yo, 
brat) = yo t+ f f(t, ox) dt, (he = 0,1, 2, +++), 


An induction argument establishes the existence of each œ, for 


|£ —2| Sa; 
see the proof of Theorem 5. 
Since f is continuous on S, the function Fy given by 


Fo(x) = f(x, yo) 


is continuous for | z — zo | S a, and hence bounded there. Let M be any 
positive constant such that 


f(z, yo) | 8M, (|2—a%| Sa). (7.3) 


The proof of the convergence of ($,(x)] now follows that of part (a) of the 
proof of Theorem 7, once we note that 


[&(z) — (2) | = 


[f Yo) ai 


INIM < MIz - ul, 


due to (7.3). 

The limit function $ need no longer satisfy the inequality (6.5) for the 
M given in (7.3). However, we note that (6.3) is valid, and this implies 
that 


PORPIE | È Lele) — $261 < È PIORPINCT 


M k Ke | a — ml". ran 
< — ere ——_—_ —————— 
S52 p! KA 
M 
< — (eke — 
for |x — zo| S a. If we let 
M 
b= = (et — 1), 


we see that the approximations satisfy 
| éx(z) — y | S b, (|z — zo| S a), 
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and taking the limit as k — © we obtain 
le) -wl Sb (Iz-mlsa). 
Now since f is continuous on 
R: |@-m| Sa, l|y—yo| $8, 
it is bounded there, that is, there is a positive constant N such that 
lfzy | sn 


for (z, y) in R. The continuity of $ may now be exhibited just as in part (b) 
of the proof of Theorem 7. Indeed, for zi, zin our interval | £ — to | S a, 


liim) — dala) |= | f f 0 i| s NT — nl, 


which implies, on letting k — œ, 
| p(t) — (z) | SN | a. — zl. 
The remainder of the proof is a repetition of parts (c) and (d) of the proof 
of Theorem 7, with æ replaced by a everywhere. 
Corollary. Suppose f ts a real-valued continuous function on the plane 
|z]}<o, lyl<o, 
which satisfies a Lipschitz condition on each strip 
Sa: |#|sa, |y|l< œ, 
where a is any positive number.* Then every initial volue problem 
y -f(zy., wm = Y, 
has a solution which exists for all real x. 


Proof. If x is any real number there is an a > 0 such that z is contained 
inside an interval | x — xo | S a. For this a the function f satisfies the condi- 
tions of Theorem 9 on the strip 


|z — zo| Sa, iyi «€, 
since this strip is contained in the strip 
iz|S|m|-a, |y | € 9. 


Thus {¢x(xz)} tends to $ (x) , where ¢ is a solution to the initial-value prob- 
lem. 


* The Lipschitz constant Ka for f in Sa may depend on a. 
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An example of a nonlinear equation satisfying the conditions of this 
corollary is 


y E ye? 
1+y¥ 
If we let f(z, y) denote the right side of (7.4) we see that f is continuous on 
the plane. Since 


+ x? cos y. (7.4) 


af O (3r) oO a 
ay y) = (3 y» * z? sin y, 


0y , 


for all (z, y) in the strip 
&: dsz|sa  |y|« œ. 


Hence, by Theorem 6, f satisfies a Lipschitz condition on S, with Lipschitz 

constant K, = 3e* + a?. Therefore equation (7.4), together with any initial 

condition y (zo) = yo, is a problem which has a solution existing for all real x. 
Note that the function f given by 


fay = y? 


does not satisfy a Lipschitz condition on any strip Sa, although it satisfies 
one on any rectangle E. As we have seen in Sec. 1 the problem 


y=y, y(12-—1, 


has a solution $ which exists only for z > 0. 


EXERCISES 


1. Consider the equation 
y’ = (327 + 1) cos? y + (zë — 2x) sin 2y 


on the strip Sa: |x| < a (a > 0). If f(x,y) denotes the right side of this 
equation, show that f satisfies a Lipschitz condition on the strip Sa, and hence 
every initial value problem 


y = f(z, y) wx) = Yo, 
has a solution which exists for all real z. 


2. Let 


lo’ (z| « 1). 
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(a) Show that f satisfies a Lipschitz condition on every strip Sa: |x| <a, 
where 0 <a « 1. 
(b) Show that every initial value problem 


y =f@,y, yO)=y%, (lyol < œ), 
has a solution which exists for | z| « 1. 
3. Consider the equation 
y! = f(x)p(cos y) + g(z)a(sin y), 


where f, g are continuous for all real x, and p, q are polynomials. Show that 
every initial value problem for this equation has a solution which exists 
for all real z. 


4. Let f be a real-valued continuous function on the strip 
S: |z--»iso |yl<o,  (o»0), 


and suppose that f satisfies on S a Lipschitz condition with constant K > 0. 
Show that the successive approximations 


polz) = Yo; 
$ia(r) = yo + (£ — zo +f (x — 0f(t dx() di, (k = 0,1, 2, +++), 


exist as continuous functions on the whole interval J :| x — zo| < a, and 
converge on J to a solution ¢ of the initial value problem 


y” = f(E, y) yo) = Yo,  v(») = yr 

5. Prove the Corollary to Theorem 9 for the initial value problem 
y” = fiz, y)  wm)-w,  v(» = y 

6. Let f be a real-valued continuous function on the strip 
S: |xz|sa [yl <o, (@>0), 


and suppose f satisfies a Lipschitz condition on S with constant K > 0. Show 
that the successive approximations 


$o(r) = 0, 


dence) = Sf NS 3 qi éd, Q»90, 
0 


À 
(k = 0, 1, 2, see), 


exist as continuous functions on I: |x| € a, and converge there to a solution 
$ of the initial value problem 


y” +Ny =f@,y, yO) =0, y(0) =1. 
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(Hint: See Ex. 8, Sec. 4.) (Note: The existence of a solution to the initial value 
problem can also be demonstrated by applying Ex. 4 to the problem 


y” —-f(zy —NXNy y0)=0, (0) = 1) 
7. Prove the Corollary to Theorem 9 for the initial value problem 
y" -Xy =f, y) y0)=0, 0) =1. 


8. Let q be a real-valued continuous function on J: |x| Sa, where a > 0. 
Consider the initial value problem 


y” +Ny=qay, (20), yO0)=0, yO) =1. (*) 
(a) Show that there is a solution ¢ of (*) on Z, and give an integral equation 


which ¢ also satisfies. 


(b) If q is continuous for all real x, show that there is a solution of (*) for 
all real x. (Hint: See Exs. 4, 5, 6, 7.) 


8. Approximations to, and uniqueness of, solutions 


Under the same assumptions as in Theorem 7 we can show that the 
solution obtained there is the only one satisfying the initial value problem 
on J. The method of proof can be adapted to yield other important informa- 
tion concerning approximations to solutions. Suppose we have two initial 
value problems 


y =f(z,y), y(m) =H, (8.1) 
and 


y —9(ny, y(t) = Ys (8.2) 
where f, g are both continuous real-valued functions on 
R: |z — t| Sa, |y — m| sb, (a,b > 0), 


and (zo, Y1), (zo, y») are points in R. We shall show that if g is close to f, and 
ys Close. to yı, then any solution y of (8.2) on an interval J containing 2 
is close to a solution ¢ of (8.1) on J. Suppose there exist non-negative con- 
stants e, ô such that 


(f(z, y) —g(azy) |e (Gy in R), (8.3) 
and 
Ia — y| Sô. (8.4) 


Then we have the following result. 


Theorem 10. Let f,g be continuous on R, and suppose f satisfies a 
Lipschitz condition there with Lipschitz constant K. Let $, y be solutions of 
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(8.1), (8.2) respectively on an interval I containing xo, with graphs contained 
in R. If the inequalities (8.3), (8.4) are valid, then 


|é(z) — v(x) | S definit + o (etm — 1) (8.5) 
for all xin I. 
Before proving Theorem 10 let us note some consequences of this in- 


equality (8.5). If we take g = f and yy = y1 = ys we see that we may 
choose e = 0, ô = 0, and we have 


Corollary 1. (Uniqueness theorem) Let f be continuous and satisfy a 
Lipschilz condition on R. If ¢ and y are two solutions of 


y = f(z, yY), —-y (Xo) = Yo 
on an interval I containing xo, then (x) = W(x) for all x in I. 


We remark that some restriction on f, in addition to continuity, is re- 
quired in order to guarantee uniqueness. The initial value problem 


y = 3y^, y(0) — 0, 


considered in Sec. 2, illustrates this. Here f(x, y) = 3y’/?, and thus f is 
continuous for all (x, y). The two functions ¢, V given by 


$(z) = t, v(x) = 0, (- acre oo), 


are both solutions of this problem. Of course, as we have seen in Sec. 5, 
this f does not satisfy & Lipschitz condition on any rectangle containing 
the origin. 

Intuitively, if we have a sequence of functions gą — f on E, and a se- 
quence y; — yo, we would expect that the solutions y; of 


y = gc, y); y (zo) = Yk, (8.6) 
would tend to the solution ¢ of 
y = f(x, Vy), y (£o) = Yo. (8.7) 


This is a direct consequence of (8.5). Suppose the g, are cont:nucus on E 
and there are constants e, such that 


Ife y) — g(t, y)| Sea, (all (z, y) in R), (3.8) 
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and constants 6, such that 
|y — y| S &, 
where ex and ô, tend to 0 as k — œ. Applying (8.5) we obtain 


Corollary 2. Let f be continuous and satisfy a Lipschitz condition on R. 
Let the gy (k = 1,2, +++) be continuous on R and satisfy (8.8) for some 
constants 


€ —0 (k— o), andlet  yk—y (k— o). 
If y, 3s a solution of (8.6) on an interval I containing xo, and ¢ is the solution 
of (8.7) on I, then y, (x) — (x) on I. 
Proof of Theorem 10. From (8.1), (8.2) wesee that 


e) = n + f f(t, 60 di 


Viz) = v f o v(t) di, 


and hence 


o(2) 9) =n —w f Cf) — a 0) at 
=n-n+ | Ute -fevm)a 


+ [ Cit, (2) — g(t, Y (è) )] dt 


Using (8.3), (8.4), and the fact that f satisfies a Lipschitz condition with 
constant K, we obtain for x 2 z 


le(s) — (3) | £ ô+ K [ le() — v(t) [dt + e(z — m). — (89) 
If 
Ela) = f lo — vo at 
we see that (8.9) may be written as 
E'(z) — KE(z) < ô + e(£ — x). (8.10) 


This is a first order differential inequality which we may “solve” in the 
same way we solve first order linear differential equations. Multiplying 
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(8.10) by e-* 79 we get, after changing z to t, 
[e*t t) EY (t) X ĝe K-z) 4 e(t — Lo) eK (tap), 


An integration from 2 to x yields* 


g-K 729 Fr (x) < ot — e-KG-20 


€ € 
+ gl KG — %) — 1j Eam +4 E 
Multiplying both sides of this inequality by e=% we find 
ô € € 
E(s) $e — 1] É [Khe — m) +1 + Goren, 
and using this in (8.9) we obtain finally 
| p(x) — v (x) | < 6e K (20) -+ x [eX 20 — 1]. 


This is just (8.5) for x 2 zo. A similar proof holds in case x S 2. 


EXERCISES 


1. Consider the initial value problem 
y -zy ty" yO) = de (*) 


(a) Show that a solution y of this problem exists for |x| x $. (Hint: Con- 
sider this problem on 


R: |e|s3, ly -öls 
If g(x, y) = zy + y”, show that 


lg(z,y)| <4 


for (x, y) in R, and hence that the a of Theorem 7 may be taken to be 4.) 
(b) For small | y | the problem (*) can be approximated by the problem 


y -zy, y(0) = xp. 


Compute a solution ¢ of this problem, and show that its graph is in R for 
|z| s 5. 


* Recall that if c is a constant (c = 0) 
fie di = EC — Le. 


We have also used the fact that E(zo) == 0. 
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(c) Show that 
2 
| o(z) -yæl z ET (els! — 1) 


for |x| x $. (Hint: Apply Theorem 10 with f(z, y) = xy on R.) 
(d) Prove also that 


1 
I$) — y) | s 510 (e=! — 1). 


2. Consider the problem 
y! =y T Az? sin y, y(0) = 1, 


where J is some real parameter, |A | x 1. 
(a) Show that the solution y of this problem exists for | x | 3 1. 


(b) Prove that 
IV) — e| x IA] (e! — 1) 
for|z| x 1. 


3. Let f be a continuous function for (x, y, A) in 
R: |z—2|s4 |y-wlsb5 |*^—-Xlse 
where a, b, c > 0, and suppose there is a constant K > 0 such that 
[ f(z, y, A) — fe, Y N) I s K |y — wl 


Chap. 5 


for all (x, y1, A), (Œ, ys, A) in R. Further suppose that 9f/9X exists and there is 


a constant L > 0 such that 


for all (x, y, X) in R. If dy represents the solution of 
y = f(z, y, A), wt) = Yo, 
show that 


IA - ul 


L 
1x2) - pal) | s K (elol — 1) 


for all x for which $», $, exist. 


4. (a) Apply Ex. 3 to the initial value problem 


y +rNy =ae)y, yo) = Yo, 


where A is real, and q is continuous for |x — zo| s a. 
(b) Solve (*) using the method of Chap. 1. 


e 
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5. Let f, g be as in Theorem 10, and consider the two initial value problems 
y" = fiy)  wx)-y  w(n)-w, (*) 
y” = g(x,y), (to) = 20, = ¥"(@o) = 1, (**) 


Suppose ¢, V are solutions of (*) and (**), respectively, on an interval I 
containing xo. State, and prove, analogues of Theorem 10, and Corollaries 1 
and 2. (Hint: From Ex. 5, Sec. 4, 


(z) = yo + (x — ao) +f (z — t)f(t, p(t) di, 


VG) =z + G - soe + | @ — 000, 90) dt 
z9 
If | yo — zo| S ĉo | 91 — 21 | S ôn show that the estimate (8.5) is valid with 
ô = à, K replaced by Ka, ¢ replaced by 5; + (ea/2).) 
6. Let f be a real-valued continuous function on the strip 
S: |z| $a, ly| < s, (a > 0), 


and suppose f satisfies a Lipschitz condition on S. Show that the solution of the 
initial value problem 


y"--My -f(y, yO) =0, y(0-21 A>d), 


is unique. (Hint: Apply Ex. 5.) (Note: From Ex. 6, Sec. 7, it follows that a 
solution exists on | z| < a.) 


7. Let ¢ and y be solutions of the two problems 
y” +My =f@,y), yo) ye yE) = ww 
y" + Ny = g(a, y), Y (xo) = 20, y' (xo) = 21, 


respectively, with A > 0. State and prove analogues of Theorem 10, and 
Corollaries 1 and 2, for this situation. (Hint: Apply Ex. 5.) 


9. Equations with complex-valued functions 


We now consider equations of the form 


y’ =f (x,y), 


where f is complex-valued. In this case we must admit complex-valued 
solutions, and therefore f must be defined for complex y. Thus suppose f 
is a complex-valued continuous function in 


R: |t-m|Sa, |y—wlsb (a,b>0). 
Here x, zy are real, and y, yo are complex. The set of points y satisfying 
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|y — y | S b is now a circular disk with center y and radius b, and there- 
fore E is no longer a rectangle. A solution of the initial value problem 


y =f(z,y), y(t) = Yo 


on an interval J containing zo is now a complex-valued differentiable fune- 
tion ¢ on I for which (x, ¢(x)) is in E for z in I, and such that 


$'(z) = f(z, ¢(z)), (xin I) 
p(o) = Yo. 


With these interpretations for R, f, and ¢, all the results of Secs. 4-8, and 
their proofs, remain valid in case f is complex-valued. 
The proof of Theorem 6 requires an integration 


T 2. t) dt, 
ve OY 


where t, Yı, y; are now complex. This can be given a meaning, but it is easy 
to modify the proof of Theorem 6 so as to avoid this issue. For fixed z, 
Vi, Y2; let 


F(s) =f(t,y2+s(yi—y2)), (O888 1). 
Then if af/dy exists the function F will be differentiable, and 
ð 
PG) = (n — w) 2. (æ, ya sn — m). 
If | af/dy | S K, as in Theorem 6, then 
|F’) |£ Kiyun- uyl, (Oss<1). 
Thus 


fG,w) — flem) = FQ) — FO) = f T F'(s) ds, 


and hence 
If(z,4) —f(z,y.) |S Kln —»l- 


We shall henceforward assume that the results of Secs. 4-8 are valid for 
complex-valued f defined for real x and complex y. The student is urged to 
check that the proofs do carry over to this case. 


CHAPTER 6 


Existence and Uniqueness of 
Solutions to Systems and 


n-th Order Equations 


1. Introduction 


In this chapter we shall see how most of the general results of Chap. 5 
remain valid for a wide class of systems of equations and n-th order equa- 
tions. The type of system we have in mind has the form 


yi = filz, yn ***, Yn); 
y; = fex, yn °°; y»); 


(1.1) 


V. = falf, Vy,» Yn). 


This is a system of n ordinary differential equations of the first order where 
the derivatives y1, «++, y; appear explicitly. It is the analogue of the single 
equation 


y = f(x,y) 


which was studied in Chap. 5. In (1.1) fi, «++, fa are given complex-valued 

functions defined in some set R in the (x, yı, ***, Yn) Space, where z is 

real and yi, «++, yn are complex. The equations (1.1) are just shorthand for 
229 
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the problem of finding n differentiable functions 4i, «++, n on some inter- 
val Z such that 


(a) (x, (xz), ***, ó.(z)) isin R, forzin J, 
(b) g(x) = fií(z, &(2), +++, $.(2)), 


d(x) = fala, di(z),---,d.(z)), for all z in J. 


If n such functions exist we say (¢1, «++, $n) is a solution of (1.1) on I. Thus 
a solution is a set of n functions. 

One of the most famous systems of the type (1.1) results from Newton’s 
second law of motion for a particle of mass m. Using rectangular coordinates 
(x, y, 2) this law is usually written as 


mz" = X, my" — Y, mz" — Z. (1.2) 


Here differentiation is with respect to the time t, and z”, y”, z” represent 
the acceleration of the particle in the z, y, 2 directions respectively, whereas 
X, Y, Z represent the forces acting on the particle in these directions. In 
general X, Y, Z are functions of 1, x, y, z, z', y’, 2’. To see how (1.2) can be 
viewed as & system of the type (1.1), let us make the following substitu- 
tions in (1.2): 


i5z, xy, YoY, ?9ys 
vy, yy, 2 -— ye 


Then (1.2) is equivalent to the system of six equations 


Yi ye 

ys = Ys, 

Vs = Ys, 

f 1 
Y= — X(z, y» ***, ye), 

m 

, 1 
ys = — Y (z, Yi, °°", ye), 

m 

> 1 
Ys = — Z (z, Yi, 7*5, ye) , 

m 


which is of the type (1.1) 
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Àn equation of the n-th order 
y = f(z, y, y, y 07) (1.3) 
may also be treated as a system of the type (1.1). To see this let in (1.3) 
Wy ways, tt Y= ye 
Then (1.3) is equivalent to the system 


t 
Yi = Yz 
Ya = Ys, 
, . 
Va-i = Yn; 


Vs = f (s, y, 9» ***, Yn), 


which is of the type (1.1). 

In Sec. 2 we discuss an interesting example of a system of equations 
which has historical interest. This is the system which gives a model for 
the motion of the planets about the sun. Sec. 3 is devoted to some special 
equations which are either solvable, or can be easily reduced to first order 
equations. The remainder of the chapter is devoted to showing how the 
arguments used in Chap. 5 can be adapted to prove existence and unique- 
ness of solutions to initial value problems for systems of the type (1.1), 
and for n-th order equations of the type (1.3). It is just & matter of intro- 
ducing a convenient notation in order to see that this is possible. 


2. An example — central forces and planetary motion 


In this section we give an example of & system of equations which arise 
in the study of dynamics. Suppose a particle of mass m moves in a plane, 
and is subjected to a force which is directed along the line joining the par- 
ticle to the origin, and which has a magnitude depending only on the distance 
between the particle and the origin. We then say we have & central force. 
The functions z, y (of the time ¢) which describe the path the particle 
takes satisfy, according to Newton's second law, 


mz” 


“F (r), 
(2.1) 
my” 


P F(r), 
T 
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where r = 7/2? + y*, and | F(r) | represents the magnitude of the force on 
the particle when it is at the distance r from the origin. 

The system (2.1) is equivalent to a system of four first order equations 
in z, y, x’, y'. However, since F is a function of r alone, it is advantageous 
to introduce polar coordinates 


z = T COS 6, y =rsinð 


It is shown in calculus texts that the components of acceleration in the radial 
and angular directions are given by 


r'—r(À),  2r0 + ro" 


respectively. Since the components of the force in these directions are 
F (r) and 0, equations (2.1) are replaced by 


m[r" — r(6)*] = F(r), 
| (2.2) 
m[2r'e’ + 70] = 0. 


Upon multiplying the second equation in (2.2) by r/m, this equation 
becomes 
(re) = 0, 
and hence 
ro = h, (2.3) 


where h is a constant. (For some reason or other this constant is almost 
always denoted by k !) The equation (2.3) has an interesting geometrical 
meaning. The area A(t) traversed by the line segment from the origin to 
(r(s), 0(s)) as s goes from t to tis given by 


AQ = f gr? (s) 9 (s) ds, 


since the element of area in polar co- 
ordinates is 


dA = ie dé; (r(, 60) 


( 
FEN 


see Fig. 8. Since 7?0' = h we see that 


A(t) = h(t — t). (2.4) A 

(r (to), 8(t9) 
Thus, if A = 0, the line segment from 
the origin to the particle sweeps out 0“ 

equal areas in equal times. Figure 8 
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Now, supposing that h > 0, let us analyse the first equation in (2.2). 
We introduce a function v defined for 0 of me form 6(t) by* 


nO) = — (25) 
Then 
"i 1 / 
rO = xa Gow pro = -F (oo), 
and 
P = AES OWWA = - Mec) = eo), 


p 

where we have used (2.3). Thus the first equation in "am becomes the 

following equation for v: 

d'y _ F1) 
d6* mh? ` 

Now let us assume that F(r) is inversely proportional to 7?, and that the 


force is directed toward the origin (the inverse square law of Newton). 
Thus let k be a positive constant such that 


(2.6) 


F(r) = -7, or F(1/v) = —kmwv. 


2 


Then (2.6) becomes 
dv k 
dg +v = x (2.7) 


All solutions of this linear equation may be written in the form 
v(0) = — = Boos (0 — o), 


where B, w are constants. Returning to the definition of v in (2.5) we see 
that r is related to 0 in the following way: 


_ (h?/k) 
1 +e cos (0 — w)’ 


where e = Bh?/k. For h?/k > 0 and e 2 0 the equation (2.8) is the equa- 
tion of & conic with the focus at the origin and with eccentricity e. The 
conic is an ellipse, parabola, or hyperbola according as 0 € e <1, e — 1, 
or e> 1 respectively. 


(2.8) 


* The equation (2.3) implies that 0 is an increasing function, if r »* 0, and this in turn 
implies that v exista. 
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Let us analyse further the case when the conic is an ellipse having major 
and minor semi-axes a and b; see Fig. 9. Then 2a must be the sum of the 
largest and smallest values that r can assume, namely, 


hk? 1 1 2h? 
2a = F(t) “aay 


k l-re 
The eccentricity is related to a, b via 
b = a*(1c-— e), 


and hence 
2 = — 
b E (2.9) 


Now the area of the ellipse is rab, and 
this is related to the time T required for 
the particle to traverse the ellipse once 
by 


lhT = rab; Figure 9 


see (2.4). Thus, using (2.9) we obtain 
T? = — a. (2.10) 


Kepler, on the basis of observations of Tycho Brahe on the motions of 
the planets about the sun, deduced his famous three laws of planetary 
motion: 


(1) the line segment from the sun to a planet sweeps out equal areas in 
equal times, 

(2) the planets move along ellipses with the sun as a focus, 

(3) the squares of the periods are proportional to the cubes of the major 
axes of the ellipses. 


If we idealize the motion of & planet about the sun as a plane motion, with 
the sun fixed at the origin and exerting an attractive central force on the 
planet (thought of as a particle of mass m), then we see that Newton’s 
second law implies that the motion of the planet is governed by the system 
of equations (2.2). Kepler’s first law is a consequence of the central force 
assumption. His second and third laws then result from the assumption 
that the central force is proportional to 1/r’. 

Newton discovered that Kepler’s first two laws imply the inverse square 
law. Indeed, it was this that led Newton to the formulation of his famous 
law of universal gravitation. The first law 


ry =h 
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implies that there is no force acting perpendicular to the line segment 
from the origin to the particle, i.e., the second equation of (2.2) is valid. 
Hence the particle is acted on by a force which acts in the radial direction 
only. If F (r, 0) is the radial component of this force at (r, 0), we have the 
equation 

mir” — r(6’)?] = F(r, @) (2.11) 


as the analogue of the first equation in (2.2). Introducing v as in (2.5), 
we see that (2.11) implies the following equation for v: 
F (1/v, 0) 


E (2.12) 


dv 
ae +? = 


Now Kepler’s second law implies that r is related to 0 via an equation of the 
form (2.8) with O S e < 1, and then v will satisfy the equation (2.7). 
A comparison of equations (2.7) and (2.12) then shows that 

F(1/v, 6) = —kmv’, 
or that 


Thus F depends only on r according to Newton’s inverse square law. 


EXERCISES 


1. A particle of mass m moves in a plane, and is attracted to the origin with a 
force proportional to its distance r from the origin. Thus if 


F(r) = —k’mr, (k > 0), 
in (2.1) the equations (2.1) become 
p" = —Kz, y” = —ky. 


(a) Show that the path of the particle is an ellipse, if it satisfies the initial 

conditions z(0) = a, z'(0) = 0, y(0) = 0, y'(0) = b, (a, b > 0). 

(b) Compute the period of the motion. 
2. A particle of mass m moves in a vertical plane near the surface of the earth, 
and is acted on by the force of gravity alone. The equations for the motion 
assume the form 

mr” zz 0, my" = —mg, 

where g is a constant. 

(a) Find the solution of these equations satisfying 


z(0 = 0, y(0) =0, z'(0) = vocoso, y'(0) = sina, 


where vo > 0 and a are constants, 0 < a < 1/2. 
(b) Show that the particle path is a parabola. 
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(c) Compute the vertex of this parabola, and the time required to reach 
this vertex. 

(d) Compute z(T) for that T > 0 for which y(T) = 0. (This is called the 
horizontal range.) For what o is this range a maximum? 


3. Suppose a particle moves on a circle through the origin, and is acted on by a 
central force F(r). Show that F(r) is proportional to r-5. 


4. (a) Determine the equations of motion of the particle in Ex. 2, given that 
the resistance of the air is proportional to the velocity of the particle. For 
simplicity express the constant of proportionality as em. 

(b) Find the solutions of these equations satisfying 


z(0) 2 0, y(0) = 0, z'(0) = vo coso, y'(0) = vo sin a, 


where vo > 0 and a are constants. 
(c) Show that for each fixed ¢ the solutions of (b) approach the solutions 
of Ex. 2(a) as e — 0. 


5. What initial conditions are sufficient to completely determine the solutions 
of the equations (2.2)? Give a reason for your answer. 


3. Some special equations 


There are a number of problems which lead to rather special types of 
second order equations, or systems of such equations. We consider two of 
these types in this section. 


(a) The equation y" = f(x, y'). This second order equation has an f 
which is independent of y, &nd is hence really a first order equation in y'. 
Indeed this equation is equivalent to the system of two equations of the 
first order 


y' = £&, z = f(z, z), (3.1) 


in that ¢ will be a solution of y” = f(z, y') on an interval J if, and only if, 
the functions $, ¢’ satisfy the system (3.1) on J. Now the system (3.1) 
can be solved by first solving the first order equation 


2! = f(z, z) 


for ¢’, and then integrating to obtain ¢. 
As a simple example consider the equation 


zy'—y =0, (#>0). 


Letting y’ = z we obtain the first order linear equation 


= Q, 


& |x 
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which has as solutions 
$9 (z) =z, (x20) 
where c may be any constant. Thus 
cx? 
where c, d are constants. Note that for z > 0 the equation is equivalent to 
zu" = zy = 0, 
which is an Euler equation. 


(b) The equation y" = f(y, y'). Here f is independent of z, and the 
strategy is somewhat different than in (a). Suppose we have a solution ¢ 
of y" = f(y, y'), and there is a differentiable function y, defined for all y 
of the form y = $(x), such that 


g'(x) = V(o(z)). 
Then ¢ would be a solution of the first order equation 
— = yy). (3.2) 
Also 
H — / dy — dy N 
$” (x) = ¢'(z) dy (o(z)) = ¥(¢(z)) dy (6(z)), 
&nd moreover 


$” (z) = f(é(z), 9 (z)) = f(o(z), v (6(z)). 
Thus y; must satisfy the equation 


doo 
¥(y) dy (y) = fly, ¥(y)) 


for all y = $(z), and hence must be a solution of 


zË = (y, 2). (3.8) 


dy 
The argument can be reversed. If y is a solution of (3.3), then any solu- 
tion ¢ of (3.2) will be a solution of the given equation y" = f(y, y’). Thus 
solutions to the original equation can be found by first solving (3.3) to 
obtain y, and then solving (3.2). 
As an example consider the equation 


yy" = (yY, 
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and suppose we seek a solution $ satisfying 
$(0 21,  4(0 =2. 


The equation (3.3) becomes in this case 


dz 2 
CET 
which has for solutions functions y given by 
V(y) = cy, 
where c may be any constant. 'The equation (3.2) then becomes 
dy _ 
dz 
which has for solutions 
$(z) = de", 


Chap. 6 


where d may be any constant. The solution satisfying the given initial 


conditions is given by 
p(z) = e. 


EXERCISES 


1. Solve the following equations: 


(à) y y -1 0) y” rey =e 

(c) yy" - 4? = 0 (d) y" + Ey -0, (&>0) 
(e) y" = yy’ (f) zy" —2y = zi 

(g) yy” =y 


2. Find the solution $ of 

y' - 1-4? 
which satisfies $(0) = 0, $'(0) = 0. 
8. Find a solution ¢ of 


satisfying $(0) = 1, ¢’(0) = —1. 
4. Suppose that f is a continuous function on an interval 


|£ — t| S8. 
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Show that the solution ¢ of the initial value problem 
y" = fix), y(t) =a,  y'(r) =P, 


can be written as 
46) =a BG —2) + f E- oso a. 
zy 


5. (a) Let f be a continuous function for | y — yo | £ b, (b > 0), and consider 
the equation 


y" zx fly). 
Show that the equation (3.3) has a solution y, in this case, given by 


Ya) - Ve) +2 S 0a. 
Vo 
(b) Consider the special case 
y" +siny = 0, 


which is an equation associated with the oscillations of a pendulum. If ¢ is 
& solution satisfying 


$(0 =0, ¢/(0) 2-820, 
show that ¢ satisfies the equation 
y = Bv/1 — k? sin*(y/2), (*) 


where k = 2/8. 
(c) Solve the equation (*) in the case k = 1. 
(d) Can you solve this equation if k = 1? 


4. Complex n-dimensional space 


It is clear that one of the main differences between the one equation 


y = f(x, y), 
and the system of n equations 


yi = fi(z, Yi, °°"; y»); 


UM = ACA Vs **5 Yn); 


is that instead of one complex number y we have now to deal with n such 
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numbers yi, ** *, Yn. Let us call such an ordered n-tuple of complex numbers 
Y1, ***, Yn & vector and denote it by y, and write* 


y = (yi, eee, ya). 


The complex number y; is called the k-th component of y. 'The set of all such 
vectors we call the complex n-dimensional space, and denote it by Cn. This 
certainly is a nice abbreviation, but in order to make use of this abbrevia- 
tion we must define how to operate with such vectors. We define the zero 
vector 0 (also called the origin in C.) by 


0 = (0, ... 0), 
and the negative of y by 


=y = (—W +++, —Ya). 
If c is any complex number cy is the vector 
cy = (cys, +++, Cyn). 


Two vectors y = (yı, ***, yn) and Z = (zı, +++, Zn) in C, are said to be 
equal, and we write y = Z, provided that 


Yi = 2, Y2 = X ct5, Yn = en 
The sum y + z is defined by 
YtZ= (yi +z, tt, Yn + 2n), 
and the difference y — z by 
y—z=yrt (—2). 
Suppose, for example, that in C; 


y= (1,2), z= (—2,1 +2). 
Then 


iy = (5, —1), ytz- (71,1 + 20), y-z-— (8, —1). 
'The set of all vectors y in C, of the form 
y- (9i "tt Yn); 


where y1, ***, Yn are all real numbers, is called real n-dimensional space, 
and denoted by R,. If y, z are in Rn then so are y + z, and cy for any real 
number c. 


* A convenient way of writing the bold-face y is to write y with a bar beneath it, 
like y. 
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The magnitude of & vector y, denoted by | y | , is defined by 
Ixl 5I +lyl. 

For example, in Cs the vector y = (3 — 4, 1 -- i) has the magnitude 
|y | ^ 4/10 + v2. This magnitude has the nice properties that the magni- 
tude of a complex number has, namely 

(a) | y| 20, and | y | = O if and only if y = 0, 

(b) | cy | = [cll y |, for any complex number c, 

(c) |y - z| 8 |y l| 4 Hz]. 


The first two properties are obvious from the definition of | y | , and prop- 
erty (c) follows from the corresponding property for complex numbers. 
Indeed 


lytz|=|yta|tere +lyntan| 
S |nul-4lalct::-:clwl-cleil 


-[yl-lzl. 
From (b) and (c) it follows that 
IIyxI—-lIzilsly-zl. (4.1) 
Indeed 
lyl=ly+z+ (-2|sliy-zl|-lzl, 
and hence 


Iy|-Izisiy-zi 
for all y, z. Similarly 
Ilz|- lxi siy zl 


for all y, z, and these two inequalities imply (4.1). 
We define the distance between y and z to be| y — z | . It readily follows 
from the properties (2), (b), (c) that the distance satisfies 


(i) |y—z|20, and|y—z|=0 ifandonlyif y =z, 
(i) |[y—z|=|z-yl, 
Gi) |y-zlsSly—wl+|w-z2|. 


Indeed (i), (ii) result from (a), (b) respectively, whereas (iii) follows from 
(c) by replacing y, z there by y — w and w — Z. 

Using this distance we can define the concept of convergence of & se- 
quence of vectors. We say that a sequence {yn}, (m = 1,2, +++), converges 
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(or tends) to a limit vector y, and write 


Ye«— y, | (m9), 
if 
ly»—yl—59, | (m œ). (4.2) 
If 
Yn = (Yim, * * * Yam), (m = 1,2, ***), 
and 


y= (yi, tty y»); 
then (4.2) says that 


l-yim — y1| + | yom — val b b | ym — 9419, (m o). 
But this is true if, and only if, 


| Yim — yı | 0, (m — œ), 


| Yanm — 5| —0, (mo), 


Thus we see that a sequence of vectors {Ym} tends to a limit vector y if, 
and only if, for each k = 1,--+,n the sequence of complex numbers 
{yum}, (m = 1,2, ++) tends to the complex number yz. It is this fact which 
allows us to take over all results concerning limits of sequences of complex 
numbers. Thus if 


Ya— Y,  Z4.—2, (m> œ), 
then 


Ym + Zz4—Jyj +z, (m — œ). 
An example of a convergent sequence of vectors in C; is furnished by 


i uj) (m = 1,2, ***). 


Clearly 
y.—y-(1,-4), (m> œ). 


Now let us consider a function 4 which is defined on some real interval 
I and has values in C,. Thus to each z in J there is associated just one vec- 
tor $(z) in C, which we may write as 


$(z) = (d(T), +++, $«(2)). 
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Such functions are called vector-valued functions. For each such $ there are 
associated n complex-valued functions $i, ---, $4 on T, the function œ 
is the one which associates with each z in I the k-th component of $(z). 
The functions 4, «++, $4 are called the components of $, and we write 


b = (Q, eee, gn). 
An example in C; is given by 


é(r) = (2, æ — iz), (052581). (4.3) 
Here 


alz) =z, (0Sz8$€1), and (x) =z- ir, (OS 2 1). 


If $ is a vector-valued function defined on an interval 7, we say that $ 
is continuous, or differentiable, on I if each of its components is. If $ is 
differentiable on I we define its derivative ' by 


D = (657759). 
Thus the $ given by (4.3) is differentiableon 0 S x < 1, and 
$'(z) = (2x, 1 — 312”), (05281). 


We define the integral of a continuous vector function $ which is de- 
fined on an interval c S x S d to be a vector 


f «o dz = (i g(x) da, «+, f «o às), 


i.e., the k-th component of the integral of 4 is,the integral of the k-th com- 
ponent of $. The important inequality satisfied by the integral is 


f e ae| s f rectas 


[ gn(x) dz 


d d 
sf | d(x) | dæ SEE +f | és (2) | dz 


The proof is easy since 


f (z) dz} = if ġı(x) dx 


+ eee + 


= f Clea) | + e + ldla) [Jee 


- f 19i 12s 
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As an example in C, the function $ in (4.3) has the integral 


[ (z) dz = ([ «as [ (x — izr?) ds) 


and 


EXERCISES 


1. Suppose y, Z, w are the following vectors in C;: 
y = (8 +7, 31, 2, Zz = (i, 5,2, w (220,1) 


(a) Compute y + z. 
(b) Compute y — Z. 
(c) Show, for some number s, that w = Z + s(y — Z). 


2. If y, Z, W are any vectors in C, show that the following rules are valid: 
@y+z=Z+y (b Y¥+z)+wey+@+w) 
() y -02y (d) y + (-y) =0 

(Hint: These rules are valid for Ci.) 


3. For each kj 1 € k € n, let e; be the vector with 1 asits k-th component and 
0 for its other components. Thus 


€; = (1,0, °**,0), ez = (0,1,0,°+*,0), ***, e = (0, °°°, 0, 1). 
(a) If y = (ys, ***, Yn) show that 


y = yi@1 + °° + Yun. 
(b) Show that 
Je, | = 1, (k = 1, +++, n). 


4. Let $ be the vector-valued function defined for all real z by 


(z) = (z, 2, ir’). 
Compute the following: 


(a) $(1) 
(b 9' (2, — ’€2) 


J 
© f LOL 


(d) Verity that | f 8 ds| s f 190 las 
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5. If $ is a continuously differentiable vector-valued function defined for real 
z in an interval a < z < b, and the values of $ are in R,, show that: 
(a) ¢’ has values in Ra 


NI b(t) di is in R, foreach z,a sz sb 


6. For each y = (yi, ***, Yn) in C, let 
ly ll = Git + e+ + Ynga)’, 


the positive square root being understood. This is the Euclidean length of y 
(a) Show that 
Iyi silyl s Vll y Il. 


Iyl? slyP < nally IP. 


Use the inequality 2 |a || b| < |a +b P.) 
(b) Show that a sequence {Ym}, (m = 1, 2, ++), of vectors in C, is such 
that 


(Hint: Show that 


[Ym — y| — 0, (m — e), 
if and only if 
ll ¥m — y l| — 0, (m — œ). 


7. For any two vectors y = (yi, ***, Yn) and Z = (zy, ***, Zn) in C4 define the 
inner product y-7 to be the number given by 


y:z = yı ctt ys. 


(a) Show that z-y — (y-z). 
(b) Show that (yi + ysz = (y1°Z) + (yz:Z). 
(ce) Show that if c is a complex number 


(cy)-Z = c(y:z) = y. (zz). 
(d) Show that || y ||? = y-y. 
(e) Prove that 
Iy*z| s Illy Il II z Il. 
This is called the Schwarz inequality. (Hint: If Z = 0 the result is obvious. 
If Z = 0 let u = z/|[z ||. Then l|u || = 1. Use the fact that 
lly — Yuu |P z 0.) 
8. Show that the Euclidean length satisfies the same rules as the magnitude, 
namely: 
à) ilyl| z 6, and || y|| = 0 ifandonlyify = 0, 
(ii) [| ey || = | e| [ly ||, for any complex number c, 
Gil) [ly 4 zll s ly ll - liz Il. 


(Hint: In terms of the inner product || y || = y*y. Use the Schwarz in- 
equality of Ex. 7 (e).) 
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5. Systems as vector equations 


We return now to the first order system of equations 


yi = Si(z, Yi, °° * Va); 
Yz = f yat Yn); 


(5.1) 


Yn = fum yu t Yn). 


We assume that fi, ***, fn are given complex-valued functions defined for 
T, Yı, ***, Yn in some set R, where z is real and yi, +++, Yn are complex. Using 
the notations of Sec. 4 it is clear that we can consider f; as a function of x 
and the vector 


y = (91, e.. Yn) in C,. 
Therefore we write 


A(z, y) = f(z, y, tt* Yn). 


Also in (5.1) we have n functions fi, «++, Ja which may be considered as a 
vector-valued function 
f- (f, °° f), 


the value of f at (x, y) being given by 
f(z, y) = (Jls, y)»- ° AC y). 
y = (Yi ttt, Yn) 
we see that the system (5.1) may now be written as 
y = f(z, y). (5.2) 


This vector differential equation has the same form as the equation y' = 
f(z, y) considered in Chap. 5. 
As an example let us consider the system of two equations 


If we let 


y; = PHY +Y» 


ya ya + ys — yip 
Here y — (yy, yz); 
Alz, y) = Alt, yn v) = 2 yid vs 
felz, y) = fol, Yn Y2) = yr ya — Viva 
and thus 
f(x, y) = (2? + yi + Yo, 41 + ys — vw). 
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A solution of the system (5.2) may be described as a vector-valued func- 
tion 


D = ($i, tt dn) 

which is differentiable on a real inter val J and such that 

(a) (x, $(z)) isin R, for z in 7, 

(b) o’(z) = f(z, o(z)), for an zin 7. 
Thus, for example, the system 

; [| 
Yi = Vs Yz = 79» 
has the vector-valued function $ given by 
$(z) = (sin z, cos z), (— œ €z € œ), 


as a solution. 

A vector-valued function f defined for (x,y) in some set S (z real, 
y in C,) is said to be continuous on S if each of its components is con- 
tinuous on S.* The definition of a Lipschitz condition is formally the same 
as before. We say that f satisfies a [,!pschitz condition on S if there exists 
a constant K > 0 such that 


|f(z,y) —f(2,2) |S K|y -z| 


for all (x,y), (z, z) in S. The constant K is called a Lipschitz constant 
for f on S. For example, if 


f(x, y) = (32 + 241, Zh — Yo) (5.3) 
for 
S: Iz|««, ly|<~, 


then f satisfies a Lipschitz condition «on S with Lipschitz constant K = 8, 
since 


| f(x,y) — E(x, z) | = | 2(y—a) ; 91 —2) — (y2 — &) | 
-2|ys —2a| +i a) —(—2 
S2|y— zj tiu -2al-ctls-2al 
s3|y-z|. 

The analogue of Thecrem 6, Chap. - 5 is the following result. 


* See Sec. 3, Chap. 0, for the definition of continuity of complex-valued functions 
defined on S. 
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Theorem 1. Suppose f is a vector-valued function defined for (x, y) on a 
Sel S of the form 


|z- i| Sa, ly—yo| Sb, (a,b > 0), 
or of the form 
|z-—m|Sa, |y|<~, (a>0). 


If df/dy, (k = 1, +++, n) exists, is continuous on S, and there is a constant 
K > 0 such that 


E (z, y) s K, (k = 1, e.. 8), (5.4) 
OY; 


for all (x, y) in S, then f satisfies a Lipschitz condition on S with Lipschitz 
constant K. 


Proof. The proof is a direct copy of the proof outlined in Sec. 9 of Chap. 
5. Let (x,y), (z, Z) be fixed points in S, and define the vector-valued 
function F for real s, 0 < s < 1, by 


F(s) = f(z,z + s(y — z)), (0Sss81). 


This is a well-defined function since the points (z, z + s(y -- z)) arein S 
for0 < s S 1. Clearly 


|z — t| Sa, 
and if 


ly-—yo| Sb, |z—yo| $6, 
then 
|z +s(y— 2) — yo| = | (1 — s)(z — yo) +'s(y — Yo) | 
s (1 —s)|z— yo} +sly — yo| 
< (1 —s)b+ sb = b. 
If|y| € ,|z| «€ o, then 
lz+s(y—z)|S(1—s)|z|+slylslzitlyl<-. 


We now have 


f 
F'(s) = (y — 2) x. (z,z + s(y — 2) + 


eH (Yn — Zn) =. (z,z + s(y — Z)), 
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where y = (yy, ***, Yn), Z = (2j ***, Zn). Using (5.4) we see that 
|IF"()|Kly-z|  (0sszhb. 
Thus, since 


f(s, 9) — f 2) = F(1) — FO) = f | F'(s) ds, 


we have 
| f(x, y) —f(z,z)|s K\y—z|, 


which was to be proved. 
In the example given in (5.3) we find that 


of of 
— = (2.1 — = — 
OD =D, i =O, -0, 


and 


of of 
= = 3, 3, (NS =1. 
a, (x, y) | | oy; (z, y) | 


Thus, as we have seen directly, f satisfies a Lipschitz condition on S with a 
Lipschitz constant K — 3. 


EXERCISES 


1. Let f be the vector-valued function defined on 
E: |zs| sl, lylsi, (yin), 
by 2 2 
f(x, y) = (ys + 1, z+ yi). 
(a) Find an upper bound M for | f(z, y) | for (z, y) in R. 
(b) Compute a Lipschitz constant K for f on R. 


2. Consider the system of two equations 
yi = ay1 + bye, 


yi = cy + dys, 
where a, b, c, d are constants. 
(a) If this system is written in the form 
y = f(x, y), 
what is f? 


(b) Show that the f of (a) satisfies a Lipschitz condition for all (z, y) wheze 
x is real and y is in Cs. 


(c) Show that the f of (a) is linear in y, that is, 
f(z, ay + Bz) = of (x, y) + B(x, Z), 
for all real x, complex numbers a, 8, and all y, z in Cs. 
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8. Find a solution ¢ of the system 
yy 
yz = y1 + Ya, 
which satisfies @(0) = (1, 2). 
4. Find a solution $ of the system 
Yi = ys 
Yo = 6yı + ys, 
satisfying (0) = (1, —1). 
5. Find a solution $ of the system 
yi = yı + y2 
Yz = Yi + yo +e, 
satisfying (0) = (0, 0). (Hint: Let z = y1 + ya) 
6. Let f be a vector-valued function defined for (x, y) in a set S, with z real, 


yin C, 
(a) Show that f is continuous at a point (xo, yo) in S if, and only if, 


| f(x, y - f (zo, yo) | — 0, 
as 
0<[z-—amIl+Ily -y| —0. 


(b) Show that f satisfies a Lipschitz condition in S if, and only if, each 
component of f satisfies a Lipschitz condition in S. 


6. Existence and uniqueness of solutions of systems 


Let f be à continuous vector-valued function defined on 
R: |t-m| Sa, f|y—yl| sb, (a,5>0). 

An initial value problem 

y =f(z,y),  yl%) =J, (6.1) 
is the problem of finding a solution $ of y' = f(z, y) on an interval J con- 
taining zo such that (xs) = yo. If 

yo = (a1, ***, an), 
the problem (6.1) written out becomes 
yi = fila, yr, t Yn)» 


y. = faz, Vo ***; y»); 
Y(T) = ew ctt, Yn(%o) = oe. 
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If f is continuous on R the problem (6.1) always has a solution on some 
interval containing zo. If, in addition, f satisfies a Lipschitz condition on R, 
this fact may be demonstrated exactly as in Chap. 5 by introducing the 
successive approximations 4», dn, *--, where 


Q(x) = Jo, 


. (6.2) 
&uG) = yo + f f Dde, (b= 0,1,2, +) 


As an example, let us consider the problem 


, 

Yı = Yz 

Yz = —yı, 
y(0) = (0, 1). 


Here f(x, y) = (ys, —y1), and 
(z) = (0, 1), 


&() = (0,1) + f (1,0) dt = (s 1), 


&) = (0,1) + f a, -0 at 


-00+(.-2)-(1-2 


zr Ü x3 x! 
$s(z) = (0, 1) +f ( -p)e-(-mai- 5) 
It is not too difficult to show that all the $; exist for all real x, and that 


(z) — (x) = (sin z, cos 2), 


where 6 is the solution of the problem. 
We summarize the main results for systems. 


Theorem 2. (Local existence) Let f be a continuous vector-valued function 
defined on 


R: |z- t| Sa, ly —yo| £b, (a,b>0), 


and suppose f satisfies a Lipschitz condition on R. If M is a constant such 
that 


[f(z,y)| £ M 
for all (x, y) in R, the successive approximations {dx}, (k = 0, 1,2, +++), 
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given by (6.2) converge on the interval 
I: | z — zo| Sa = minimum (a, b/M}, 
to a solution ẹ of the initial value problem 


y = f(z, y) y(zo) = yo 
on IT. 
The proof is the same as that of Theorems 5 and 7 of Chap. 5, with y, 
f, 9 replaced everywhere by y, f, $. 
Theorem 3. If f satisfies the same conditions as in Theorem 2, and K isa 
Lipschitz constant for f in R, then 
M (Ka) 


| (x) — g(x) | < Kid! 


for all xin I. 
This is the analogue of Theorem 8 of Chap. 5, and the proof is the same. 


The analogues of Theorem 9, Chap. 5, and its corollary are the following 
results. 


Theorem 4. (Non-local existence) Let f be a continuous vector-valued 
function defined on 
S: |lt—a|Sa, |yj|<o, (a » 0), 


and satisfy there a Lipschitz condition. Then the successive approximations 
{dx} for the problem 


y = f(z, y) y (2x0) = yo, (| yo | < o), 


exist on | x — xo | S a, and converge there to a solution > of this problem. 


Corollary. Suppose f is a continuous vector-valued function defined on 
Iz|i«*, |y|<~», 
and satisfies a Lipschitz condition on each ‘‘strip”’ 
|z|Sa, |y|<», 
where & 1s any positive number. Then every initial value problem 
y = f(x,y),  y(x)-yo 
has a solution which exists for all real x. 


The proofs carry over directly from those for Theorem 9 and its corol- 
lary in Chap. 5. 


Sec. 6 Existence and Uniqueness of Solutions to Systems 253 
Theorem 5. (Approximation and uniqueness) Let f, g be two continuous 
vector-valued functions defined on 
R: |2—a| Sa, ly —yo| $3, (a, b > 0), 


and suppose f satisfies a Lipschitz condition on R with Lipschitz constant K. 
Suppose p, y are solutions of the problems 


y = f(x, y), y (xo) = yy 
y =g(z,y), ym) =J, 


respectively, on some interval I containing xo. If for e, 6 2 0 


|f(z,y) — g(z,y)| Se (all (x,y) in R), 
and 
ly: — ya | ES ô, 
then 


| (x) — q(z) | S àekts-o! + x (eKlz~2ol — 1) 


for all x in I. In particular, the problem 
y = f(z, y),  y(m)-ye 
has at most one solution on any interval containing xo. 


This is the analogue of Theorem 10, Chap. 5, and the Corollary 1 to this 
result. The proof carries over directly. 


EXERCISES 


1. Consider the initial value problem 
y dl 
yi = Vh 
yi(0) —0,  y(0) = 0. 
(a) If this problem is denoted by 
y -f(y»,  y(0 = Yo, 


what are f and yo? 
(b) Show that the f of (a) satisfies the conditions of Theorem 2 on 


E: |dxz|si ly| 41. 


Compute a bound M, a Lipschitz constant K, and an a. 
(c) Compute the first three successive approximations do, $1, d». 
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2. Consider the system 
yi = 3yi + Tys, 
y» = ys + Tys, 
ys = 2xyi — yo + Ys. 


Show that every initial value problem for this system has a unique solution 
which exists for all real x. 


3. Suppose yo is a vector in R,, and the function f considered in Theorem 2 has 
values in R, for (x, y) such that y is in Ra. Show that each of the successive 
approximations + has values in Rn, and hence that the solution $ of 


y -f(ny, yx) = Yo, 


on J has values in R,. Thus, if @ = ($1,** *, $,), the functions $1, * * *, 6, are real- 
valued. (Note: If the above conditions hold it is sufficient, in Theorem 2, to 
consider f defined on that part of R with y in Ra, and to require f to be con- 
tinuous, satisfy |f(rz, y) | s M, and satisfy a Lipschitz condition on that 
part of R. Similar statements are valid for the other theorems and corollaries 
in this and the preceding section.) 


4. Consider the system 


yi = yi + Ys 
yi = ect Va 


where e is a positive constant. 
(a) Show that every solution exists for all real x. 
(b) Let $ be the solution satisfying @(0) = (1, —1), and let ẹ be the solu- 
tion of 


yi = yn Yz = yn 
satisfying q(0) = (1, —1). Without solving the original system show that 
[$G) — d(z)|-0, | (c0), 


for each real x. 
(c) Find all solutions of the original system. (Hint: If 4 is a solution show 
that x(x) = € *$ (x) satisfies 


Zi = €, — £3 = €n) 
(d) Find the solutions $ and q of (b), and verify the conclusions in (b). 


5. Show that all solutions with values in Rs of the following system exist for 
all real x: 

yi = a(x) cos yı + B(x) sin ys 

y2 = c(z) sin y + d(x) eos ys, 


where a, b, c, d are polynomials with real coefficients. (Hint: See the Note in 
Exercise 3.) 
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6. Prove Theorem 2. 
7. Prove Theorem 4. 


8. Show that the following. modification of Theorem 4 is valid: Let f be a 
continuous vector-valued function defined on 


S: |z — zo| sa, |y| < œ, (a0), 
and satisfy there a Lipschitz condition. The initial value problem 


y= f(z, y), y(u) = Yo, 


where | zı — zo| < a, | yo| < œ, has a solution $ on | z — zo| S a, which 
can be obtained as the limit of the successive approximations {+}. (Hint: 
Consider the two intervals tọ — a € x S viand zı Sz S zo + a separately.) 


9. Show that the solution $ of Ex. 8 is unique. 


7. Existence and uniqueness for linear systems 


As an important application of the results of Sec. 5 we consider the case 
of a linear system. This is a system 


y= f(x, y), 


where the components fi, «++, fa of f have the form 


A(z,y) = au(x) ys + an(z)ys + *** + au (z)ys + biz), 
(7.1) 


Jala, y) = Gu(z)yi + Gn2(X) Ys + eee + Ann (2) ys + b. (zx). 


Here the an, ***, Gun, by, «++, b, are complex-valued functions defined for 
real z in some interval J. If all the a;; are continuous on an interval 
|£ — a | Sa, where a > 0, then the corresponding vector-valued func- 
tion f satisfies a Lipschitz condition on the “strip” 


S: j|z—m|53a |y|<%. 


This can be seen directly, or we can invoke Theorem 1. Let K be any posi- 
tive constant such that 


È | an(2) | S K, (k = 1, ***,0), 
m 


for all x satisfying | — zo | < a. Then from (7.1) we see that 


x. (2, y) | = | Gantz), - ++, an(2)) | = È laala) | s 
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Hence, by Theorem 1, f satisfies a Lipschitz condition on S with a Lip- 
schitz constant K. Theorems 4 and 5 are thus applicable to a linear system, 
and we have the following result. 


Theorem 6. Consider a linear system 
y = f(z, y), 


where the components of f are given by 
Ji(z, y) = 2 Oj. (x) Ye + b;(x), (j = 1, 8, n), 


and the functions aix, b; are continuous on an interval I containing Xo. If yo 
ts any vector in C, there exists one, and only one, solution ẹ of the problem 


y = f(z, y) y (£o) =J, 
onI. 


Actually the existence Theorem 4 only applies in case J consists of all 
x satisfying | z — zo | S a for some a > 0. However the proof of Theorem 4 
applies in ease this interval is replaced there by any interval 7 of the form 
a € x S f containing z. On such an interval the successive approximations 
will converge to a solution of the initial value problem, which is unique by 
Theorem 5. We can then apply this modification of Theorem 4 to prove 
Theorem 6 in case J is any interval, containing zo, on which the aj, b; are 
continuous. In particular, the interval J may be infinite in length. 


EXERCISES 


1. Show that if the functions aj, and b; in Theorem 6 are real-valued on Z, 
and the initial vector yo is in R,, then the solution 4» has values in R,. 


2. The linear system 
y; = D ape (j=, +n), (*) 
k=l 
with a; continuous on some interval J, is called a homogeneous linear system. 
(a) Show that the function «qj, defined by ¢(z) = 0 for all z in J, is a solu- 


tion of the system (*). This is called the trivial solutzon. 
(b) Let K be a positive constant such that 


2, laxG)| SK, (k — 1,0) 
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for all x in J. If } is any solution of (*), and zo is any point in Z, show that 
| biz) | < | (zo) | ela, 


for all z in I. (Hint: Use Theorem 5.) 
(£) Let Yı, te be two solutions of the system 


vi = Danton + bie), Gm drm 


on I. Show that @ = di — 2 is solution of (*) on J. 


3. Consider the linear system 
yi = ayı + dys, 


ys = cys + dys, 
where a, b, c, d are constants. 
(a) Show that this system always has a solution 4» of the form 


$(r) = ea, 


where a = (01,03) = (0, 0) is a constant vector, and r is a constant. 
(b) Show that the r of (a) must satisfy 


a-r b 
= f). 


c d-r 
(c) Compute a solution of the system 
yi = 3yr + 4s, 
yi = Sy + Ops. 
4. Consider the system 
yi = ayı + by» 
y; = —by + ayz 


where a, b are real constants. 
(a) If = ($1, $2) is any solution with values in Rz show that 


Il 66) I| = 1 (0) || e, 


where 


|l) || = ie) + g). 
(b) Verify that the solution satisfying (0) = (1, 0) is given by 
(x) = e (cos bz, — sin bz). 


(c) For the case a = —1,5 = 1, plot the curve in the (yi, ys)-plane given 
by the solution in (b), namely the curve 


gi = e?” cosa, ya = —é€* sin z, (—-9 <z < o). 
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Also plot the curves corresponding to the cases a = 0, b = l, anda = —1, 
b = Qin (b). 
B. Consider the system 
yi = ayı + bys, . 
, (*) 
y» = cy1 + dy», 


where a, b, c, d are constants. 
(a) If $ = ($1, $2) is any solution show that $1 and $» satisfy the second- 
order equation 


y" — (a + dy' + (ad — bc)y = 0. (**) 


(b) Compute the characteristic polynomial p of the equation (**). Compare 
this with Ex. 3 (b). 


(c) Find all solutions of (**). Consider separately the cases when p has 
unequal, or equal, roots. 


(d) Find all solutions of (*), by using (a), (b), (c). 
(e) Find all solutions of 


yi = 4y — 3ys, 
yi = 2y1 — ya. 


6. Suppose $, are two solutions of the system (*) in Ex. 5. Show that 
x = ad + Bi is also a solution, for any two complex numbers a, 8. 


8. Equations of order n 


An n-th order equation 
yo = f(z, y, y eet, yr), (8.1) 
may be viewed as a system of n equations of the first order. Indeed, if 
V-—Wy =Y, cts Yn =y", 
we may associate with the equation (8.1) the first order system 
J/ 
Yi = Yz, 
y. = Vs 


(8.2) 


, . 
3.1 = Yn» 


V. = f(z, y» *** Yn). 
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This has the form y' = f(x, y) provided we let y = (yi, °°°, Yn) and 
As, Yir et’, Yn) = Y, 
B Yay rt Yn) = y» 


(8.3) 


fa-i(m gn, tt Ya) = Yas 
fim Yis 22%, Yn) = Am Yn c Yn). 
Moreover if ¢ is a solution of (8.1) then the vector 
$ = ($, $’, ++, 907) 
is & solution of (8.2). Conversely if 
p = (0, **5, on) 


is a solution of (8.2) the first component ¢; is a solution of (8.1), since we 


have 
It 


$1 — da, 1 7 $; = ġa +t’, gir) = $n, 

p(x) = p(T) = f(z, &1(z), &1(2), +*+, of" (2)). 
It is thus clear that all results proved for first order systems may be applied 
to give results for n-th order equations of the type (8.1). In particular we 
have the following existence and uniqueness result. 

Theorem 7. Let f be a complex-valued continuous function defined on 

R:  |x-—m|Sa, |ly—y|Sb, (a,b>0), 

such that 
If(sy)|sN 


for all (x, y) in R. Suppose there exists a constant L > 0 such that 
| f(z, y) — f(z, z) | sz L|y— z | 
for all (x, y) and (x, Z) in R. Then there exists one, and only one, solution ¢ of 


y = f(z, Y, y, wee, yo) 
on the interval 


I: |z z] £ min {a,b/M}, (M=N+6+ yl), 
which satisfies 
$(xm) = e, (zm) = a, +e, GOD (T0) = os, 
(yo = (oi, ***, Qn)). 
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Proof. Consider the system y' — f(z, y) with the components of f given 
by (8.3). Then 


[f(z,y) | =lyeltlysl tere tlanl + lsa, y) | 
Slyl+lfazy)| Sly] +b+N, 


since 
Iyl- [y| S$ly—yo| Sb. 


It is clear that f is continuous on E, and 
If y) — f z) | = |y — zl +e + | Yn — za] 
+ | (z, y) — f(z, 2) | 
Sly-—z|+Lly—-z| 
=(1+L)|y—2|. 


Thus f satisfies a Lipschitz condition on E with Lipschitz constant K = 
1 + L. We can now apply Theorems 2 and 5 to this system, and the first 
component of the vector solution is the solution required. 

For linear equations of order » we have non-local existence. 


Theorem 8. Let a1, +++, anb be continuous complex-valued functions 
on an interval I containing a point Xo. If a1, ** * , o4 are any n constants, there 
exists one, and only one, solution $ of the equation 


y + ai(z) y 07 + +++ + as(z)y = b(z) 
on I satisfying 
$ (zo) = 03, $' (a) = 0» ***, $079 (x) = Qt. 


Proof. Let yo = (a1, +++. o4), and consider the linear system 


J/ 
Yi = Yz 
Yz = y 
, . 
Yn-1 = V; 
Yp = — a«(z)y — asa(z)ys — ++ — a(t) yn + B(x). 


According to Theorem 6 there is a unique solution $ = ($i, ***, n) of 
this system on 7 satisfying 


di(ze) = a, 2 (2o) = Ge, 9° %, Gn (2%) = On 
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But since 


de = $ d: d; =O, ce, di = Of, 


the function $ is the required solution on J. 


Note that Theorem 8 includes Theorem 1 of Chapter 3. 


EXERCISES 


1. Consider the second order equation 
y" + ay’ + ay = 0, iw 


where a, az are constants. 
(a) What system of the first order is equivalent to this equation? 
(b) If the system in (a) is denoted by 


y' = f(z, y), (**) 
show that f satisfies a Lipschitz condition on the set 
S: |z|<, ly|< œ. 
(c) Show that a Lipschitz constant for f on S can be chosen to be 
K-14 | ay | + | de |. 


(d) Let $ be any solution of (*). Then $ = ($, ¢’) is a solution of (**). Show 
that if zo is any real number then 


lp) | S | p(z) | E, 
(Compare this with Theorem 3, Chap. 2.) 
2. Consider the linear equation 
y™ a2) 07D + +++ + an(z)y = 0, 


where a4, ***, @, are continuous functions on some interval 7. Suppose there 
are non-negative constants b, ***, b, such that 


| a;(x)| s b; (J = 1, +++, n), 
for all z in J. If $ is any solution of this equation on J, and 
$ = ($, 9, +++, $072), 

show that 

d(x) | s1é() | E17, (all zin D, 
where 2p is a fixed point in J, and 

K =1 +b +o + 5p. 

(Compare this with Theorem 2, Chap. 3.) 
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3. Show that all real-valued solutions of the equation 
y" + sin y = b(z), 
where b is continuous for — o < z < œ, exist for all real z. 


4. Let e, g, vo, œ be positive constants. Consider the two systems 


y" = —ey, 
(*) 
z! = —g e, 
and 
y" = 0, 
(**) 
z” = —f 


each with initial conditions 
y(0) = z(0) = 0, y'(0) = vo cosa, 2'(0) = vo sino. 


(a) Determine first order systems (of four equations) which are equivalent 
to the problems (*) and (**). Show that each of these has & unique solution 
which exists for all real x. 
(b) By solving the systems show that the respective solutions $ and 1j 
satisfy 

lé) - 4610, «0. 


References 


. Kaplan, Wilfred, Ordinary Differential Equations. Reading, Mass.: 
Addison-Wesley, 1958. 

This book is written at about the same level as the present one. It con- 
tains an excellent treatment of many applications. 


. Hurewicz, Witold, Lectures on Ordinary Differential Equations. Cam- 
bridge, Mass.: The Technology Press, and New York: John Wiley and 
Sons, Inc., 1958. 

This is a short book containing material on linear systems, and an intro- 
duction to the geometric theory of ordinary differential equations. A 
knowledge of advanced calculus and some linear algebra is required. 


. Coddington, Earl A., and Levinson, Norman, Theory of Ordinary Differ- 
ential Equations. New York: McGraw-Hill, 1955. 

This is an advanced work which stresses the analytic aspects of the 
subject. 


. Lefschetz., S., Differential Equations: Geometric Theory. New York: 
Interscience, 1957. 
This is an advanced book which emphasizes the geometric approach. 


. Kamke, E., Differentialgleichungen— Lósungsmethoden und Lösungen, 
vol. I, 2nd ed. Leipzig: Akademische Verlagsgesellschaft, 1043; reprinted 
by J. W. Edwards, Ann Arbor, Mich., 1945. 

This book has à summary of many of the important results, and contains 
a large compilation of special equations and their solutions. 


263 


